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I(n) = n.



m n

mn
I(mn)

I(mn) = I(m) + I(n).

(mn) = m+ n.

n > 0 n > 0

m < n m < n

n
n

pi > 0

I(pi) =
1

pi
= − pi > 0.

n
n∑

i=1

pi = 1

H(p1, p2, . . . pn) =
n∑

i=1

piI(pi) = −
n∑

i=1

pi pi.



pi = 1/n pi = 1/n

H(p1, p2, . . . pn) = −
n∑

i=1

pi pi

= −
n∑

i=1

1

n

1

n

= −n
1

n

1

n
= n.

(p1, p2, , pn)

H(p1, p2, , pn)

n









X RX

p(x) = P{X = x}.
X

H(X) X

H(X) = −
∑
x∈RX

p(x) p(x).

0 · 0 = 0

x→0
x · x = 0.



b
Hb(X) e

A
IA

A

IA

IA :

(
0 1
1/2 1/2

)
.

IA

H(IA) = −1

2

1

2
− 1

2

1

2
= − 1

2
= 1 .

IA

�

H(X) � 0.

H(X) = −
∑
x∈RX

p(x) p(x) =
∑
x∈RX

p(x) (1/p(x)).

p(x) � 0 (1/p(x)) � 0 H(X) � 0 �
Hb(X) = ( b a)Ha(X).

Hb(X) = −
∑
x∈RX

p(x) b p(x)

= −
∑
x∈RX

p(x) ap(x)

ab

=
1

a b

(
−
∑
x∈RX

p(x) a p(x)

)
= ( b a)Ha(X).

�



X :

(
0 1
p 1− p

)
.

X

H(X) = −p p− (1− p) (1− p).

H(X) p 0 � p � 1

H(p) = −p p− (1− p) (1− p), 0 � p � 1.

p = 0 p = 1

p = �

X

X :

(
a b c d
1/2 1/4 1/8 1/8

)
.

X

H(X) = −1

2

1

2
− 1

4

1

4
− 1

8

1

8
− 1

8

1

8
=

7

4
= 1.75 .



X X

X

X = a

1/2

X = b

1/4

X = c

1/4
X d

Y
X

Y RY = {1, 2, 3}

P{Y = 1} = P{X = a} = 1/2
P{Y = 2} = P{X = b} = 1/4
P{Y = 3} = P{X ∈ {c, d}} = 1/4,

Y :

(
1 2 3
1/2 1/4 1/4

)
.

EY = 1 · 1
2
+ 2 · 1

4
+ 3 · 1

4
= 1.75 = H(X).

X H(X) H(X) + 1 �



(X, Y ) X Y
RX RY

p(x, y) = P{X = x, Y = y} � 0,
∑
x∈RX

∑
y∈RY

p(x, y) = 1.

H(X, Y )
X Y p(x, y)

H(X, Y ) = −
∑
x∈RX

∑
y∈RY

p(x, y) p(x, y).

X Y
(xi, yj)

(X, Y )

pY (y|x) = P{Y = y|X = x} Y
X = x Y X = x

H(Y |X = x) = −
∑
y∈RY

pY (y|x) pY (y|x).

pX(x|y) = P{X = x|Y = y} X
Y = y X Y = y

H(X|Y = y) = −
∑
x∈RX

pX(x|y) pX(x|y).

H(X|Y = y)
X

y Y = y
H(Y |X = x)

Y X = x



H(Y |X)
H(Y |X = x) x ∈ RX

(X, Y )
p(x, y) H(Y |X)

H(Y |X) =
∑

x∈RX

pX(x)H(Y |X = x)

= − ∑
x∈RX

pX(x)
∑

y∈RY

pY (y|x) pY (y|x)
= − ∑

x∈RX

∑
y∈RY

pX(x)pY (y|x) pY (y|x)
= − ∑

x∈RX

∑
y∈RY

p(x, y) pY (y|x).

H(X, Y ) = H(X) +H(Y |X)
= H(Y ) +H(X|Y ).

p(x, y) = P{X = x, Y = y} = P{X = x}P{Y = y|X = x} = pX(x)pY (y|x).

H(X, Y ) = − ∑
x∈RX

∑
y∈RY

p(x, y) p(x, y)

= − ∑
x∈RX

∑
y∈RY

p(x, y) pX(x)pY (y|x)
= − ∑

x∈RX

∑
y∈RY

p(x, y)[ pX(x) + pY (y|x)]
= − ∑

x∈RX

∑
y∈RY

p(x, y) pX(x)−
∑

x∈RX

∑
y∈RY

p(x, y) pY (y|x)
= − ∑

x∈RX

pX(x)
∑

y∈RY

p(x, y)− ∑
x∈RX

∑
y∈RY

p(x, y) pY (y|x)
= − ∑

x∈RX

pX(x) pX(x)−
∑

x∈RX

∑
y∈RY

p(x, y) pY (y|x)
= H(X) +H(Y |X).

p(x, y) = P{X = x, Y = y} = P{Y = y}P{X = x|Y = y} = pY (y)pX(x|y).
�



(X, Y )

������Y
X

1 2 3 4 Σ

1 1/16 1/16 0 0 1/8
2 1/16 1/16 0 1/8 1/4
3 0 0 1/8 0 1/8
4 1/8 1/8 1/8 1/8 1/2

Σ 1/4 1/4 1/4 1/4 1

X Y

X :

(
1 2 3 4
1/4 1/4 1/4 1/4

)
Y :

(
1 2 3 4
1/8 1/4 1/8 1/2

)
X Y

H(X) = −1

4

1

4
− 1

4

1

4
− 1

4

1

4
− 1

4

1

4
= 4 = 2

H(Y ) = −1

8

1

8
− 1

4

1

4
− 1

8

1

8
− 1

2

1

2
= 7/4

H(X|Y = 1)
X {Y = 1}

{Y = 1}

X{Y=1} :
(

1 2 3 4
1/2 1/2 0 0

)
,

H(X|Y = 1) = H
(1
2
,
1

2
, 0, 0

)
= −1

2

1

2
− 1

2

1

2
= 1.

H(X|Y = 2) = H
(1
4
,
1

4
, 0,

1

2

)
= −1

4

1

4
− 1

4

1

4
− 1

2

1

2
= 3/2

H(X|Y = 3) = H(0, 0, 1, 0) = 0

H(X|Y = 4) = H
(1
4
,
1

4
,
1

4
,
1

4

)
= 2



X Y

H(X|Y ) =
4∑

i=1

P (Y = i)H(X|Y = i)

=
1

8
· 1 + 1

4
· 3
2
+

1

8
· 0 + 1

2
· 2 =

3

2

Y X

H(Y |X) =
4∑

i=1

P (X = i)H(Y |X = i)

=
1

4
H
(1
4
,
1

4
, 0,

1

2

)
+

1

4
H
(1
4
,
1

4
, 0,

1

2

)
+

1

4
H
(
0, 0

1

2
,
1

2

)

+
1

4
H
(
0,

1

2
, 0,

1

2

)

=
1

4
· 3
2
+

1

4
· 3
2
+

1

4
· 1 + 1

4
· 1

=
5

4

H(X, Y )

H(X, Y ) = H(X) +H(Y |X) = 2 +
5

4
=

13

4
.

H(Y |X) �= H(X|Y )

H(X)−H(X|Y ) = H(Y )−H(Y |X) = 1/2.

�



D(p||q)
q p

p
H(p)

q H(p) +D(p||q)

p(x) q(x)
RX

D(p||q) =
∑
x∈RX

p(x)
p(x)

q(x)
.

0 p = q

RX = {2, 3} p q RX

p :

(
2 3

1− t t

)
q :

(
2 3

1− s s

)
p q

D(p||q) =
3∑

x=2

p(x)
p(x)

q(x)
= (1− t)

1− t

1− s
+ t

t

s
,

q p

D(q||p) =
3∑

x=2

q(x)
q(x)

p(x)
= (1− s)

1− s

1− t
+ s

s

t
.

t = 1/4 s = 1/8

D(p||q) =
3

4

3/4

7/8
+

1

4

1/4

1/8
= 0.08

D(q||p) =
7

8

7/8

3/4
+

1

8

1/8

1/4
= 0.07



D(p||q) �= D(q||p) t = s p
q D(p||q) = D(q||p) = 0 �

(X, Y )
p(x, y) pX(x) pY (y)

I(X;Y )
p(x, y) pX(x)pY (y)

I(X;Y ) = D(p(x, y)||pX(x)pY (y))
=

∑
x∈RX

∑
y∈RY

p(x, y)
p(x, y)

pX(x)pY (y)
.

I(X;Y )

I(X;Y ) =
∑

x∈RX

∑
y∈RY

p(x, y)
p(x, y)

pX(x)pY (y)

=
∑

x∈RX

∑
y∈RY

p(x, y)
pX(x|y)
pX(x)

= −
∑

x∈RX

∑
y∈RY

p(x, y) pX(x) +
∑

x∈RX

∑
y∈RY

p(x, y) pX(x|y)

= −
∑

x∈RX

pX(x)
∑
y∈RY

p(x, y)−
⎛
⎝−

∑
x∈RX

∑
y∈RY

p(x, y) pX(x|y)
⎞
⎠

= −
∑

x∈RX

pX(x) pX(x)−
⎛
⎝−

∑
x∈RX

∑
y∈RY

p(x, y) pX(x|y)
⎞
⎠

= H(X)−H(X|Y ).

I(X;Y ) = H(X) H(X|Y ).

I(X;Y ) X
Y

I(X;Y ) = H(Y ) H(Y |X).



H(X, Y ) = H(X) + H(Y |X)
H(Y |X)

I(X;Y ) = H(X) +H(Y ) H(X, Y ).

I(X;X) = H(X) H(X|X) = H(X),

H(X|X) = 0 X X

(X1, X2, . . . , Xn)
p(x1, x2, . . . , xn)

H(X1, X2, . . . , Xn) =
n∑

i=1

H(Xi|Xi−1, . . . , X1).

n = 2

H(X1, X2) = H(X1) +H(X2|X1)

n = k− 1

H(X1, X2, . . . , Xk−1) = H(X1) +H(X2|X1) + . . .+H(Xk−1|Xk−2, . . . , X1)

=
k−1∑
i=1

H(Xi|Xi−1, . . . , X1).



n = k
X1, X2, . . . , Xk−1

(X1, X2, . . . , Xk−1) Xk

H(X1, X2, . . . , Xk−1, Xk) = H((X1, X2, . . . , Xk−1), Xk)
= H(X1, X2, . . . , Xk−1) +H(Xk|X1, X2, . . . , Xk−1)

H(X1, X2, . . . , Xk−1)

H(X1, X2, . . . , Xk−1, Xk) =
k−1∑
i=1

H(Xi|Xi−1, . . . , X1) +H(Xk|Xk−1, . . . , X1)

=
k∑

i=1
H(Xi|Xi−1, . . . , X1)

�

X Y Z

X
Y Z

I(X;Y |Z) = H(X|Z)−H(X|Y, Z)

I(X1, X2, . . . , Xn;Y ) =
n∑

i=1

I(Xi;Y |Xi−1, . . . , X1).

I(X1, X2, . . . , Xn;Y ) = H(X1, X2, . . . , Xn)−H(X1, X2, . . . , Xn|Y )

=
n∑

i=1
H(Xi|Xi−1, . . . , X1)−

n∑
i=1

H(Xi|Xi−1, . . . , X1, Y )

=
n∑

i=1
[H(Xi|Xi−1, . . . , X1)−H(Xi|Xi−1, . . . , X1, Y )]

=
n∑

i=1
I(Xi;Y |Xi−1, . . . , X1).



�

p q

x � x− 1.

x = x− 1 x = 1

x

y

y � x � 1

y � log x

y = x
y = x − 1 x = 1
x = 1 x = x − 1

−1

− x � 1− x.

p(x) q(x)
RX

D(p||q) � 0.

D(p||q) = 0 p(x) = q(x) x ∈ RX



D(p||q) =
∑
x∈RX

p(x)
p(x)

q(x)

=
∑
x∈RX

p(x)

(
− q(x)

p(x)

)

− q(x)

p(x)
� 1− q(x)

p(x)
.

D(p||q)

D(p||q) =
∑
x∈RX

p(x)

(
− q(x)

p(x)

)

�
∑
x∈RX

p(x)

(
1− q(x)

p(x)

)
=

∑
x∈RX

p(x)−
∑
x∈RX

q(x)

= 1− 1
= 0

p(x)/q(x) = 1 p(x) = q(x) x ∈ RX

�

X Y

I(X;Y ) � 0.

I(X;Y ) = 0 X Y

I(X;Y ) = D(p(x, y)||pX(x)pY (y)) � 0
p(x, y) = pX(x)pY (y) (x, y) ∈ R(X.Y ) X Y

�



RX

n = |RX |
X H(X) � n H(X) = n

X RX

u(x) = 1/n RX

p(x) X

D(p||u) =
∑
x∈RX

p(x)
p(x)

u(x)

=
∑
x∈RX

p(x) p(x)−
∑
x∈RX

p(x) u(x)

= −H(X)−
∑
x∈RX

p(x)
1

n

= −H(X) + n
∑
x∈RX

p(x)

= −H(X) + n

D(p||q) � 0

−H(X) + n � 0.

H(X) � n = |RX | �
X Y

H(X|Y ) � H(X).

H(X|Y ) = H(X) X Y

I(X;Y ) = H(X)−H(X|Y ) I(X;Y ) � 0

H(X)−H(X|Y ) � 0,

H(X|Y ) � H(X) I(X;Y ) = 0 X Y
�

X
H(X|Y = y) H(X)

H(X|Y ) � H(X)



(X, Y )

������Y
X

0 1 Σ

0 3/4 1/8 7/8
1 1/8 0 1/8

Σ 7/8 1/8 1

X

X :

(
0 1
7/8 1/8

)
,

H(X) = H
(7
8
,
1

8

)
= 0.544

H(X|Y = 0) = H
(6
7
,
1

7

)
= 0.592 > H(X)

H(X|Y = 1) = H(1, 0) = 0 < H(X)

H(X|Y ) =
7

8
H(X|Y = 0) +

1

8
H(X|Y = 1) = 0.518 < H(X).

X Y = 1 Y = 0
H(X|Y ) H(X) �

X1 X2 Xn

H(X1, X2, . . . , Xn) �
n∑

i=1

H(Xi).

Xi i = 1, 2, . . . , n

H(Xi|Xi−1, . . . , X1) � H(Xi),



i = 1, 2, . . . , n

H(X1, X2, . . . , Xn) =
n∑

i=1

H(Xi|Xi−1, . . . , X1)

�
n∑

i=1

H(Xi).

Xi Xi−1 X1 i =
1, 2, . . . , n X1, X2, . . . , Xn

�

(X, Y )

������X
Y

0 1

0 1/3 1/3
1 0 1/3

H(X) H(Y )

H(Y |X) H(X|Y )

H(X, Y )

I(X;Y )

X :

(
0 1
2/3 1/3

)
Y :

(
0 1
1/3 2/3

)

H(X) = H(Y ) = −2

3

2

3
− 1

3

1

3
= 0.918



H(X|Y ) =
1

3
H(X|Y = 0) +

2

3
H(X|Y = 1) =

1

3
H(1, 0) +

2

3
H(1/2, 1/2)

=
1

3
· 0 + 2

3
·
(
−1

2

1

2
− 1

2

1

2

)
= 0.667

H(Y |X) =
2

3
H(Y |X = 0) +

1

3
H(Y |X = 1) =

2

3
H(1/2, 1/2) +

1

3
H(1, 0)

= 0.667

H(X, Y ) =

(
−1

3

1

3

)
· 3 = 3 = 1.585

I(X;Y ) = H(Y )−H(Y |X) = 0.251 �

X

H(X)

X S H(X)
X

X Geo(1/2)
H(X) X ∼ Geo(p)

p(x) = P{X = x} = qx−1p, x = 1, 2, . . .



X

H(X) = −
+∞∑
x=1

p(x) p(x) = −
+∞∑
x=1

qx−1p (qx−1p)

= −
+∞∑
x=1

qx−1p(x− 1) q −
+∞∑
x=1

qx−1p p

= −p q
+∞∑
x=1

qx−1(x− 1)− p p
+∞∑
x=1

qx−1

= −p q

+∞∑
x=1

qx−1(x− 1)− p p
1

1− q
.

A =
+∞∑
x=1

qx−1(x− 1)

= q + 2q2 + 3q3 + 4q4 · · ·+ nqn + . . .
= [q + q2 + q3 + q4 . . . ] + [q2 + q3 + q4 . . . ] + [q3 + q4 + . . . ] + . . .

=
+∞∑
n=1

+∞∑
i=n

qi =
+∞∑
n=1

qn

1− q
=

+∞∑
n=1

qn

p

=
1

p

+∞∑
n=1

qn =
1

p

q

1− q
=

q

p2
.

X Geo(p)

H(X) = −p( q)
q

p2
− p( p)

1

p
= −q

p
q − p

=
−q q − p p

p
=

H(p)

p

p = 1
2

H(X) =
−1

2
1
2
− 1

2
1
2

1
2

= 2 2 = 2 .



X

X = 1

X = 2

X = 3

Y
X

RY = {1, 2, ...}
P{Y = 1} = P{X = 1} = p
P{Y = 2} = P{X = 2} = qp

P{Y = n} = P{X = n} = qn−1p

EY =
1

p

p = 1
2

EY = 2

EY = 2 = H(X)
X X

�

H(p1, p2, . . . , pn) = H( )
n

H( ) = −
n∑

i=1

pi pi.

−pi pi � 0 pi = 0 pi = 1
H( ) 0

H( ) pi = 1 i pj = 0 j �= i
n H( )

�



Y = f(X) H(Y ) � H(X)

H(X, f(X)) = H(X) +H(f(X) |X) = H(X),

H(f(X) |X ) =
∑
x

p(x)H(f(X) |X = x) =
∑
x

0 = 0

H(X, f(X)) = H(f(X)) +H(X |f(X))

H(X) = H(f(X)) +H(X |f(X)) � H(f(X)) = H(Y ).
�

H(Y |X) = 0 Y
X x p(x) > 0 y
p(x, y) > 0

0 = H(Y |X) =
∑
x

p(x)H(Y |X = x) p(x) > 0

H(Y |X = x) = 0

0 = H(Y |X = x) = −∑
y

p(y|x) p(y|x)
y p(y|x) = 0 p(y|x) =

1 p(y|x) p(y|x) = 1
y = y0 y p(y|x) 0

y = y0

p(y0|x) = 1

p(x, y0)

p(x)
= 1

p(x, y0) = p(x) > 0, y = y0.



�

X1 X2

RX1 = {1, 2, ...,m} RX2 = {m+ 1,m+ 2, ..., n} θ
P{θ = 1} = α P{θ = 0} = 1−α

X1 X2 θ

X =

{
X1, θ = 1
X2, θ = 0

.

H(X) H(X1), H(X2) α

X1 X2 θ
X

θ = f(X) =

{
1, X ∈ RX1

0, X ∈ RX2

.

H(X, θ) = H(X, f(X)) = H(X) +H(f(X)|X) = H(X),

H(f(X)|X) = 0 H(X)

H(X) = H(X, θ) = H(θ) +H(X|θ) =
= H(θ) + P{θ = 1}H(X|θ = 1) + P{θ = 0}H(X|θ = 0)
= H(α, 1− α) + αH(X1) + (1− α)H(X2).

�

X
Y

H(X) H(Y ) H(Y |X) H(X|Y )



(1/2)4 = 1/16

2

(
4

3

)
=

2 · 4 = 8 (1/2)5 = 1/32

2

(
5

3

)
= 2 · 10 = 20

(1/2)6 = 1/64

2

(
6

3

)
= 2 · 20 = 40

(1/2)7 = 1/128

X Y

X :

(
AAAA BBBB BAAAA · · ·

1

16

1

16

1

32
· · ·

)



Y :

(
4 5 6 7

2 · 1

16
=

1

8
8 · 1

32
=

1

4
20 · 1

64
=

5

16
40 · 1

128
=

5

16

)

H(X) = −2 · 1
16

1
16

− 8 · 1
32

1
32

− 20 · 1
64

1
64

− 40 · 1
128

1
128

= 5.8125

H(Y ) = −1
8

1
8
− 1

4
1
4
− 5

16
5
16

− 5
16

5
16

= 1.924

Y X X Y
H(Y |X) = 0

H(X) +H(Y |X) = H(X, Y ) = H(Y ) +H(X|Y ) ⇒

H(X|Y ) = H(X) +H(Y |X)−H(Y ) = H(X)−H(Y ) = 3.8885 .
�

i 1 2 3 4 5 6

p(i)
1

12

1

12

1

6

1

9

1

18

1

2

i 1 2 3 4 5 6

p(i)
1

2

1

12

1

6

1

9

1

12

1

18

X
X



X :

(
1 2 3
1/3 1/3 1/3

)
A

H(X|A)

P (A) =
3∑

i=1

P (A|X = i)P (X = i) =
1

3

(
1

12
+

1

2
+

1

6

)
=

1

4

P (X = i|A) = P (A|X = i)P (X = i)

P (A)
, i = 1, 2, 3

P (X = 1|A) =
1
6
· 1
3

1
4

=
2

9
, P (X = 2|A) =

1
12

· 1
3

1
4

=
1

9
,

P (X = 3|A) =
1
2
· 1
3

1
4

=
2

3

H(X|A) = −
3∑

i=1

P (X = i|A) P (X = i|A)

= −2

9

2

9
− 1

9

1

9
− 2

3

2

3
= 1.224 .

�

0.3
0.45

0.9

X x1

x2 Y
y1

y2



p(y1) = 0.3 p(x1|y1) = 0.45 p(x2|y2) = 0.9

p(y2) = 1− p(y1) = 0.7

p(x2|y1) = 1− p(x1|y1) = 0.55

p(x1|y2) = 1− p(x2|y2) = 0.1

p(x1, y1) = p(y1)p(x1|y1) = 0.3 · 0.45 = 0.135

p(x1, y2) = p(y2)p(x1|y2) = 0.7 · 0.1 = 0.07

p(x2, y1) = p(y1)p(x2|y1) = 0.3 · 0.55 = 0.165

p(x2, y2) = p(y2)p(x2|y2) = 0.7 · 0.9 = 0.63.

X

p(x1) = 0.205, p(x2) = 0.795

I(X;Y ) =
2∑

i=1

2∑
j=1

p(xi, yj)
p(xi, yj)

p(xi)p(yj)
= 0.135

0.135

0.205 · 0.3+

+0.07
0.07

0.205 · 0.7 + 0.165
0.165

0.795 · 0.3 + 0.63
0.63

0.795 · 0.7
= 0.105687 .

�

1, 2, 3, 4. 2
1/3

60
X Y



H(X), H(Y );

H(X|Y ), H(Y |X);

H(X, Y );

I(X;Y ).

0.4
0.2
0.1 X Y

X x0 x1 Y
y0 y1

2
1 3 2 A

B

A B X Y
A B

H(X), H(Y );

H(Y |X);

H(X, Y );

I(X;Y ).

2 3
5 1 7 2

6 1 3



X Z
P{X = 1} = p P{Z = 1} =

1/2 Y = X ⊕ Z (X Z Y
)

H(Y );

H(X|Y ), H(X|Z);
I(X;Y ); I(X;Z).

Y
X

{1, 2, ..., L +
M} L M

p(x) =

⎧⎨
⎩

px; x ∈ {1, 2, ..., L}

0; x ∈ {L+ 1, L+ 2, ..., L+M}

q(x) =

⎧⎪⎨
⎪⎩

αpx; x ∈ {1, 2, ..., L}

1− α

M
; x ∈ {L+ 1, L+ 2, ..., L+M}

0 < α < 1 D(p||q) α

X
X



X δ > 0

P{X � δ} � EX

δ
.

Y
μ σ2 ε > 0

P{|Y − μ| � ε} � σ2

ε2
.

X1 X2

X ε > 0

n→+∞
P{|Xn −X| < ε} = 1,

n→+∞
P{|Xn −X| � ε} = 0.

XnGGGGGA X.



X1 X2

X1,
X1 +X2

2
,
X1 +X2 +X3

3
, . . . ,

X1 +X2 + . . .+Xn

n
=

1

n

n∑
i=1

Xi, . . .

EX
X1 X2

X1 X2

μ σ2

Xn =
1

n

n∑
i=1

Xi.

n→+∞
P{|Xn − μ| < ε} = 1.

�

μ = EX X
Xi

XnGGGGGA μ = EX.

−(1/n) p(X1, X2, , Xn)
H X1, X2, . . . , Xn

p(x1, x2, . . . , xn)



X1, X2, . . . , Xn

p(x)

− 1

n
p(X1, X2, . . . , Xn)GGGGGA H(X),

X Xi i = 1, 2, . . . , n

X1

X2 Xn Y1 = p(X1) Y2 =
p(X2) Yn = p(Xn)

− 1

n
p(X1, X2, . . . , Xn) = − 1

n

(
n∏

i=1

p(Xi)

)

= − 1

n

∑
i

p(Xi)

= − 1

n

∑
i

Yi

( )
.−−−→

n→∞
−EY

= −E( p(X))

= −
∑
x∈RX

p(x) p(x)

= H(X)

�
X1, X2, . . . , Xn

p(X1, X2, . . . , Xn)
2−nH n

A
(n)
ε

p(x) (x1, x2, . . . , xn) ∈ Rn
X

2−n(H(X)+ε) � p(x1, x2, . . . , xn) � 2−n(H(X)−ε).



(x1, x2, . . . , xn) ∈ A
(n)
ε

H(X)− ε � − 1

n
p(x1, x2, ..., xn) � H(X) + ε.

P (A
(n)
ε ) > 1− ε n

|A(n)
ε | � 2n(H(X)+ε) |A|

A

|A(n)
ε | � (1− ε)2n(H(X)−ε) n

(x1, x2, . . . , xn) ∈ A
(n)
ε

2−n(H(X)+ε) � p(x1, x2, . . . , xn) � 2−n(H(X)−ε).

−n(H(X) + ε) � p(x1, x2, ..., xn) � −n(H(X)− ε).

−n

(X1, X2, . . . , Xn) ∈ A
(n)
ε

− 1

n
p(X1, X2, . . . , Xn)GGGGGA H(X).

n→+∞
P

{∣∣∣∣− 1

n
p(X1, X2, . . . , Xn)−H(X)

∣∣∣∣ < ε

}
= 1.

δ > 0 n0 ∈ N

n � n0

P

{∣∣∣∣− 1

n
p(X1, X2, . . . , Xn)−H(X)

∣∣∣∣ < ε

}
> 1− δ.



δ > 0 δ = ε

1 =
∑

(x1,x2,...,xn)∈Rn
X

p(x1, x2, . . . , xn)

=
∑

(x1,x2,...,xn)∈A(n)
ε

p(x1, x2, . . . , xn) +
∑

(x1,x2,...,xn)∈(A(n)
ε )C

p(x1, x2, . . . , xn)

�
∑

(x1,x2,...,xn)∈A(n)
ε

p(x1, x2, . . . , xn)

�
∑

(x1,x2,...,xn)∈A(n)
ε

2−n(H(X)+ε)

= 2−n(H(X)+ε)
∣∣A(n)

ε

∣∣ .
|A(n)

ε | � 2n(H(X)+ε)

n P (A
(n)
ε ) > 1− ε

1− ε < P (A(n)
ε )

=
∑

(x1,x2,...,xn)∈A(n)
ε

p(x1, x2, . . . , xn)

�
∑

(x1,x2,...,xn)∈A(n)
ε

2−n(H(X)−ε)

= 2−n(H(X)−ε)
∣∣A(n)

ε

∣∣ .
�

2nH



X1 X2 Xn

p(x)
Rn

X

A
(n)
ε

(A
(n)
ε )c

A
(n)
ε

2n(H(X)+ε)

n(H(X)+ ε)+ 1
n(H(X)+ ε)



n(H(X) + ε) + 2

A
(n)
ε

(A
(n)
ε )c n |RX |+1

Rn
X

(A
(n)
ε )c

(A
(n)
ε )c Rn

X

≈ nH

l(x1, x2, . . . , xn)
(x1, x2, . . . , xn) n



P (A
(n)
ε ) > 1− ε

E(l(X1, X2, . . . , Xn))

=
∑

(x1,x2,...,xn)

p(x1, x2, . . . , xn)l(x1, x2, . . . , xn)

=
∑

(x1,x2,...,xn)∈A(n)
ε

p(x1, x2, . . . , xn)l(x1, x2, . . . , xn)

+
∑

(x1,x2,...,xn)∈(A(n)
ε )

c

p(x1, x2, . . . , xn)l(x1, x2, . . . , xn)

�
∑

(x1,x2,...,xn)∈A(n)
ε

p(x1, x2, . . . , xn)[n(H + ε) + 2]

+
∑

(x1,x2,...,xn)∈(A(n)
ε )

c

p(x1, x2, . . . , xn)[n |RX |+ 2]

= P (A(n)
ε )[n(H + ε) + 2] + P ((A(n)

ε )c)[n |RX |+ 2]

� n(H + ε) + 2 + ε [n |RX |+ 2]

= nH + n

[
ε+ ε |RX |+ 2 + 2ε

n

]

= n(H + ε′),

ε′ = ε + ε |RX | + (2 + 2ε)/n
ε

X1 X2 Xn

p(x) ε > 0
(x1, x2, . . . , xn) n

E

[
1

n
l(X1, X2, . . . , Xn)

]
� H(X) + ε,

n �

(X1, X2, . . . , Xn) n
nH(X)



X1 X2 Xn

X :

(
0 1
0.4 0.6

)
.

X

H(X) = −0.4 0.4− 0.6 0.6 = 0.97095 .

n = 24

ε = 0.1 A
(n)
ε (x1, x2, . . . , xn)

(1/n) p(x1, x2, . . . , xn) (H(X) ε,H(X) + ε) ε =
0.1 (0.87095, 1.07095)
k

k

k

pkq24−k p = 0.6 g = 0.4

− 1

24
p(x1, x2, . . . , x24)

= − 1
24

[pkq24−k]



− 1

24
p(x1, x2, . . . , x24)

k

(
24

k

) (
24

k

)
pkq24−k pkq24−k = − 1

24
[pkq24−k]

0 1 2.81× 10−10 2.81× 10−10 1.321928
1 24 1.01× 10−8 4.22× 10−10 1.297555
2 276 1.75× 10−7 6.33× 10−10 1.273181
3 2024 1.92× 10−6 9.50× 10−10 1.248808
4 10626 1.51× 10−5 1.42× 10−9 1.224434
5 42504 9.09× 10−5 2.14× 10−9 1.200061
6 134596 4.32× 10−4 3.21× 10−9 1.175687
7 346104 1.67× 10−3 4.81× 10−9 1.151314
8 735471 5.31× 10−3 7.21× 10−9 1.126941
9 1307504 1.41× 10−2 1.08× 10−8 1.102567
10 1961256 3.18× 10−2 1.62× 10−8 1.078194
11 2496144 6.08× 10−2 2.43× 10−8 1.053820
12 2704156 9.88× 10−2 3.65× 10−8 1.029447
13 2496144 1.37× 10−1 5.48× 10−8 1.005073
14 1961256 1.61× 10−1 8.22× 10−8 0.980700
15 1307504 1.61× 10−1 1.23× 10−7 0.956327
16 735471 1.36× 10−1 1.85× 10−7 0.931953
17 346104 9.60× 10−2 2.77× 10−7 0.907580
18 134596 5.60× 10−2 4.16× 10−7 0.883206
19 42504 2.65× 10−2 6.24× 10−7 0.858833
20 10626 9.95× 10−3 9.36× 10−7 0.834459
21 2024 2.84× 10−3 1.40× 10−6 0.810086
22 276 5.81× 10−4 2.11× 10−6 0.785712
23 24 7.58× 10−5 3.16× 10−6 0.761339
24 1 4.74× 10−6 4.74× 10−6 0.736966

(1/24) p(x1, x2, . . . , x24) ∈ (0.87095, 1.07095)

k A
(24)
0.1

12 181 375

A
(24)
0.1



|A(24)
0.1 | � 2n(H(X)+ε) = 224·(0.97095+0.1) = 225.7 = 54 615 231

|A(24)
0.1 | � (1− ε)2n(H(X)−ε) = (1− 0.1)224·(0.97095−0.1) = 0.9 · 220.9 = 1 764 462.

�

X1, X2, . . .
p(x)

n→+∞
[p(X1, X2, . . . Xn)]

1/n .

− 1

n
p(X1, X2, . . . Xn)

.−−−→
n→∞

H(X)

p(X1, X2, . . . Xn)
.−−−→

n→∞
−nH(X)

p(X1, X2, . . . Xn)
.−−−→

n→∞
2−nH(X)

(p(X1, X2, . . . Xn))
1/n .−−−→

n→∞
2−H(X)

�
X1, X2, . . .

p(x) x ∈ {1, 2, . . .m}
p(x1, x2, . . . , xn) =

n∏
i=1

p(xi) − 1

n
p(X1, X2, . . . Xn)

.−−−→
n→∞

H(X)

q(x1, x2, . . . , xn) =
n∏

i=1

q(xi)

{1, 2, . . .m}



− 1

n
q(X1, X2, . . . , Xn)

− 1

n

q(X1, X2, . . . , Xn)

p(X1, X2, . . . , Xn)
.

q(x1, x2, . . . , xn) =
n∏

i=1

q(xi)

n→+∞
− 1

n
q(X1, X2, . . . , Xn) = −

n→+∞
1

n

n∑
i=1

q(Xi).

−
n→+∞

1

n

n∑
i=1

q(Xi)
.−−−→

n→∞
−E( q(X)) = −

m∑
x=1

p(x) q(x)

=
m∑

x=1

p(x)
p(x)

q(x)
−

m∑
x=1

p(x) p(x) = D(p||q) +H(p).

p(x1, x2, . . . , xn) =
n∏

i=1

p(xi) q(x1, x2, . . . , xn) =

n∏
i=1

q(xi)

n→+∞
− 1

n

q(X1, X2, . . . , Xn)

p(X1, X2, . . . , Xn)
=

n→+∞
− 1

n

n∑
i=1

q(Xi)

p(Xi)
.

n→+∞
− 1

n

n∑
i=1

q(Xi)

p(Xi)

.−−−→
n→∞

−E

(
q(X)

p(X)

)
= −

m∑
x=1

p(x)
q(x)

p(x)

=
m∑

x=1

p(x)
p(x)

q(x)
= D(p||q).

�



X :

(
1 2 3
1/2 1/4 1/4

)
X1, X2, . . .

X

(X1X2 · · ·Xn)
1/n.

Yn = (X1X2 · · ·Xn)
1/n

Yn =
1

n

n∏
i=1

Xi =
1

n

n∑
i=1

Xi
.−−−→

n→∞
E( X)

E( X) = ( 1)
1

2
+ ( 2)

1

4
+ ( 3)

1

4
=

1

4
(1 + 3)

Yn
.−−−→

n→∞
1

4
(1 + 3).

Yn
.−−−→

n→∞
2

1
4
(1+ 3) = 2

1
4 · 2 31/4 = 21/4 · 31/4 = 61/4 =

4
√
6.

�

1, 2, 3, 4

X :

(
1 2 3 4
1/4 1/6 1/4 1/3

)
.

X1, X2, ..., Xn, ...
X1X2 Xn

n.



(Xi, Yi)
p(x, y)

1

n

n∏
i=1

p(Xi)
n∏

i=1

p(Yi)

n∏
i=1

p(Xi, Yi)
?



nH(X)
n

(Ω,F , P ) T
Xt

(Ω,F , P ) t ∈ T {Xt, t ∈ T}

T t
Xt t

t ∈ T Xt Ω R F

{E : Xt(E) < x} ∈ F , x ∈ R.

T × Ω → R (t, E)
Xt(E)

(t, E) 
→ Xt(E) ∈ R, t ∈ T, E ∈ Ω.



Xt t ∈ T

Xn n
{Xn|n ∈ N}

RXt = {x|x � 0}
N = {1, 2, . . . } �

{Xt, t ∈ T}

F1(t; x) = P{Xt < x},

x ∈ R t ∈ T

t ∈ T F1(t; x)
Xt

n n ∈ N

{Xt, t ∈ T}

Fn(t1, . . . , tn; x1, . . . , xn) = P{Xt1 < x1, . . . , Xtn < xn},

t1, . . . , tn ∈ T x1, . . . , xn ∈ R



t1, . . . , tn ∈
T Fn(t1, . . . , tn; x1, . . . , xn)
(Xt1 , . . . , Xtn)

n n ∈ N
n

P{Xt1 = x1, Xt2 = x2, . . . , Xtn = xn},
t1, t2, . . . , tn ∈ T x1, . . . , xn ∈ RX

{Xt, t ∈ T}
n ∈ N t1, t2, . . . , tn ∈ T

h t1 + h, . . . , tn + h ∈ T (Xt1 , . . . , Xtn)
(Xt1+h, . . . , Xtn+h)

Fn(t1 + h, . . . , tn + h; x1, . . . , xn) = Fn(t1, . . . , tn; x1, . . . , xn).

n n =
1, 2, . . .

{Xt|t ∈ N} Xt =
A A FA(x)

n ∈
N t1 < t2 < · · · < tn n

Fn(t1, t2, . . . , tn; x1, x2, . . . , xn) = P{Xt1 < x1, Xt2 < x2, . . . , Xtn < xn}
= P{A < x1, A < x2, . . . , A < xn}
= P{A < {x1, x2, . . . , xn}}
= FA( {x1, x2, . . . , xn}).

h ∈ N

Fn(t1 + h, t2 + h, . . . , tn + h; x1, x2, . . . , xn)
= P{Xt1+h < x1, Xt2+h < x2, . . . , Xtn+h < xn}
= P{A < x1, A < x2, . . . , A < xn}
= P{A < {x1, x2, . . . , xn}}
= FA( {x1, x2, . . . , xn})
= Fn(t1, t2, . . . , tn; x1, x2, . . . , xn).



n

�

{Xt|t ∈ N}
Xt = tA A ∼ U(3, 7)

Fn(t1, t2, . . . , tn; x1, x2, . . . , xn)
= P{Xt1 < x1, Xt2 < x2, . . . , Xtn < xn}
= P{t1A < x1, t2A < x2, . . . , tnA < xn}
= P{A < x1/t1, A < x2/t2, . . . , A < xn/tn}
= P{A < {x1/t1, x2/t2, . . . , xn/tn}}
= FA( {x1/t1, x2/t2, . . . , xn/tn}).

h ∈ N

Fn(t1 + h, t2 + h, . . . , tn + h; x1, x2, . . . , xn)
= P{Xt1+h < x1, Xt2+h < x2, . . . , Xtn+h < xn}
= P{(t1 + h)A < x1, (t2 + h)A < x2, . . . , (tn + h)A < xn}
= P{A < {x1/(t1 + h), x2/(t2 + h), . . . , xn/(tn + h)}}
= FA( {x1/(t1 + h), x2/(t2 + h), . . . , xn(tn + h)}).

Fn(t1 + h, t2 + h, . . . , tn + h; x1, x2, . . . , xn) �= Fn(t1, t2, . . . , tn; x1, x2, . . . , xn).

x1 = x2 = · · · = xn = 8 t1 = t2 = · · · = tn = 2 h =

2 {x1/t1, x2/t2, . . . , xn/tn} = 4 FA(4) =
4− 3

7− 3
=

1

4
{x1/(t1+h), x2/(t2+h), . . . , xn(tn+h)} = 2 FA(2) = 0

n
�

P{X1+h = x1, X2+h = x2, . . . , Xn+h = xn} = P{X1 = x1, X2 = x2, . . . , Xn = xn},

h ∈ N



X1 X2

{Xn|n ∈ N}
n ∈ N x1 x2 xn+1 ∈ RX

P{Xn+1 = xn+1|Xn = xn, Xn−1 = xn−1, . . . , X1 = x1}
= P{Xn+1 = xn+1|Xn = xn}

Xn+1

Xn−1 Xn

Xn

n
n+ 1

n

n

p
(n)
ij = P{Xn = j|Xn−1 = i}

i j n
n (n) =

[p
(n)
ij ] n

s

0 � p
(n)
ij � 1, i, j = 1, 2, . . . , s,

s∑
j=1

p
(n)
ij = 1, i = 1, 2, . . . , s.

n

p
(n)
j = P{Xn = j}, j = 1, . . . , s,



s∑
j=1

p
(n)
j = 1, n = 1, 2, . . .

(n) = (p
(n)
1 , . . . , p

(n)
s ) p

(n)
j j = 1, . . . , s

p
(n)
j = P{Xn = j} =

s∑
i=1

P{Xn−1 = i,Xn = j}

=
s∑

i=1

P{Xn−1 = i}P{Xn = j | Xn−1 = i} =
s∑

i=1

p
(n−1)
i p

(n)
ij

j = 1, . . . , s

[
p
(n)
1 p

(n)
2 . . . p

(n)
s

]
=
[
p
(n−1)
1 p

(n−1)
2 . . . p

(n−1)
s

]
⎡
⎢⎢⎢⎢⎣

p
(n)
11 p

(n)
12 · · · p

(n)
1s

p
(n)
21 p

(n)
21 · · · p

(n)
2s

· · · · · · · · ·
p
(n)
s1 p

(n)
s2 · · · p

(n)
ss

⎤
⎥⎥⎥⎥⎦

(n) = (n−1) · (n), n = 1, 2, . . .

(0) = (p
(0)
1 , . . . , p

(0)
s )

(n) = (0) (1) . . . (n−1) (n).

p
(n)
ij n

n = 1, 2, . . .

P{Xn = j | Xn−1 = i} = P{X2 = j | X1 = i} = pij,

i, j ∈ RX

pij i, j = 1, . . . , s
i j

= [pij]

(n) = (0) n



pij(n) = P{Xn = j|X0 = i}.
i j n

(n) = [pij(n)]
n

0

pij(0) =

{
1, i = j
0, i �= j

.

0
0

1
0 (0) =

i j n

pij(n) = P{Xn = j|X0 = i}
=

s∑
k=1

P{Xn = j,Xn−1 = k|X0 = i}

=
s∑

k=1

P{Xn−1 = k|X0 = i}P{Xn = j|Xn−1 = k,X0 = i}.

P{Xn = j|Xn−1 = k,X0 = i} = P{Xn = j|Xn−1 = k},

pij(n) =
s∑

k=1

P{Xn−1 = k|X0 = i}P{Xn = j|Xn−1 = k,X0 = i}

=
s∑

k=1

P{Xn−1 = k|X0 = i}P{Xn = j|Xn−1 = k}

=
s∑

k=1

pik(n− 1)pkj .

i



j n i k n− 1
n k j

k {1, 2, . . . , s}
k = 1, 2, . . . , s

(n) = (n− 1) · , n ∈ N.

(n) = n

(0) =
[pij]

{Xn|n = 1, 2, . . . }
(X0, X1, . . . , Xn)

p(x0, x1, . . . , xn) = P{X0 = x0, X1 = x1, . . . , Xn = xn}
= P{X0 = x0} · P{X1 = x1|X0 = x0} · P{X2 = x2|X1 = x1, X0 = x0} · . . .

. . . · P{Xn = xn|Xn−1 = xn−1, . . . , X0 = x0}
= P{X0 = x0} · P{X1 = x1|X0 = x0} · P{X2 = x2|X1 = x1} · . . .

. . . · P{Xn = xn|Xn−1 = xn−1}
= px0 · px0x1 · px1x2 · . . . · pxn−1xn .

(n) = (0),

n = 1, 2, . . . �

(n) = ∗

n = 1, 2, . . .

∗ = ∗ .



(0) = (p
(0)
1 , . . . , p

(0)
s )

s

p∗j =
s∑

k=1

p∗kpkj, j = 1, . . . , s.

s∑
j=1

p∗j = 1.

∗ = (p∗1, p
∗
2, . . . , p

∗
s)

p∗j =
s∑

i=1

p∗i pij

p∗j j =
1, . . . , s

k k

k i
j i, j = 1, 2, . . . , s

=

[
1− α α
β 1− β

]
.

∗ = (p∗1, p
∗
2)

p∗i i i = 1, 2

[
p∗1 p∗2

]
=
[
p∗1 p∗2

] · [ 1− α α
β 1− β

]
,



⎧⎨
⎩

p∗1 = (1− α)p∗1 + βp∗2
p∗2 = αp∗1 + (1− β)p∗2

p∗1 + p∗2 = 1

{
αp∗1 = βp∗2
p∗1 + p∗2 = 1

.

p∗1 =
β

α + β
, p∗2 =

α

α + β
.

Xn n

H(Xn) = H(
β

α + β
,

α

α + β
).

H(Xn)
n Xi

�

n
n

Hn =
1

n
H(X1, X2, . . . , Xn)

hn = H(Xn|Xn−1, Xn−2, . . . , X1)

Hn n
hn n

(n− 1)



{Xn|n = 1, 2, . . . }

H =
n→+∞

Hn =
n→+∞

1

n
H(X1, X2, . . . , Xn),

m

{1, 2, . . . ,m} mn

n
Xi i H(X1, X2, , Xn) =

mn = n m

Hn =
1

n
H(X1, X2, . . . , Xn) = m,

n

H =
n→+∞

Hn = m.

m
m �

X1 X2

H(X1, X2, . . . , Xn) =
n∑

i=1

H(Xi|Xi−1, . . . , X1)

=
n∑

i=1

H(Xi)

= nH(X1).

Hn =
1

n
H(X1, X2, . . . , Xn) = H(X1),

H = H(X1)

�



X1 X2

H(X1, X2, . . . , Xn) =
n∑

i=1

H(Xi|Xi−1, . . . , X1) =
n∑

i=1

H(Xi).

H(Xi)

X1 X2
n→∞

1

n

n∑
i=1

H(Xi)

Xi

Xi :

(
0 1

1− pi pi

)
,

pi i i

pi =

{
0.5, 22

2k
< i � 22

2k+1

0, 22
2k+1

< i � 22
2k+2 , k = 0, 1, 2, . . .

pi = 0.5 H(Xi) = H(1/2, 1/2) = 1 pi = 0 H(Xi) =
H(0, 1) = 0

H(Xi) = 1

H(Xi) = 0
1

n

n∑
i=1

H(Xi)

n→∞
1

n

n∑
i=1

H(Xi)

H �

{Xn|n = 1, 2, . . . }

h =
n→+∞

hn =
n→+∞

H(Xn|Xn−1, Xn−2, . . . , X1),

H = h
H(Xn|Xn−1, . . . , X1)

{Xn|n = 1, 2, . . . }



{hn}+∞
n=1 h

hn+1 = H(Xn+1|Xn, . . . , X2, X1) � H(Xn+1|Xn, . . . , X2),

hn+1 = H(Xn+1|Xn, . . . , X2, X1) � H(Xn+1|Xn, . . . , X2)
= H(Xn|Xn−1, . . . , X1) = hn,

n = 1, 2, . . . {hn}+∞
n=1

{hn}+∞
n=1

h �

H = h

{an}+∞
n=1 {bn}+∞

n=1

bn =
1

n

n∑
i=1

ai,

n = 1, 2, . . .
n→+∞

an = a
n→+∞

bn = a �

H h
H = h

Hn =
1

n
H(X1, X2, . . . , Xn) =

1

n

n∑
i=1

H(Xi|Xi−1, . . . , X1) =
1

n

n∑
i=1

hi,



hn h n → +∞

H =
n→∞

Hn =
n→∞

hn = h.

�

H = h =
n→∞

H(Xn|Xn−1, . . . , X1) =
n→∞

H(Xn|Xn−1) = H(X2|X1),

{Xn|n = 1, 2, . . . }
∗ = (p∗1, p

∗
2, . . . , p

∗
s)

H = −
∑
i

p∗i
∑
j

pij pij.

H = H(X2|X1)
∗

H = H(X2|X1) =
∑
i

p∗iH(X2|X1 = i) =−
∑
i

p∗i
∑
j

pij pij.

�

=

[
1− α α
β 1− β

]
,



p∗1 =
β

α + β
, p∗2 =

α

α + β
.

H =
β

α + β
H(1− α, α) +

α

α + β
H(β, 1− β).

�

n → +∞

X0, X1, X2, ...

Y0 = X0, Yn = X0 + ...+Xn, n = 1, 2, . . .

Y0, Y1, Y2, ...

Yn n = 0, 1, . . .
Yk = Yk−1 +Xk Xk = Yk − Yk−1 k = 0, 1, . . .

bi ∈ RYi
i = 0, ..., n n � 0



P{Yn+1 = bn+1 | Yn = bn, . . . , Y0 = b0}

=
P{Y0 = b0, . . . , Yn = bn, Yn+1 = bn+1}

P{Y0 = b0, . . . , Yn = bn}

=
P{Y0 = b0, Y1 − Y0 = b1 − b0, . . . , Yn+1 − Yn = bn+1 − bn}
P{Y0 = b0, Y1 − Y0 = b1 − b0, . . . , Yn − Yn−1 = bn − bn−1}

=
P{X0 = b0, X1 = b1 − b0, . . . , Xn = bn − bn−1, Xn+1 = bn+1 − bn}

P{X0 = b0, X1 = b1 − b0, . . . , Xn = bn − bn−1}

X0, X1, X2, ...

P{Yn+1 = bn+1 | Yn = bn, . . . , Y0 = b0}

=
P{X0 = b0}P{X1 = b1 − b0} . . . P{Xn = bn − bn−1}P{Xn+1 = bn+1 − bn}

P{X0 = b0}P{X1 = b1 − b0} . . . P{Xn = bn − bn−1},

P{Yn+1 = bn+1 | Yn = bn, . . . , Y0 = b0}

= P{Xn+1 = bn+1 − bn}

= P{Xn+1 = bn+1 − bn | Yn = bn}

= P{Yn+1 − Yn = bn+1 − bn | Yn = bn}

= P{Yn+1 = bn+1 | Yn = bn}.

Y0, Y1,
Y2, ... �



=

⎡
⎢⎢⎣

1/3 1/3 1/3 0
1/2 1/2 0 0
1/4 1/4 0 1/2
0 1/2 0 1/2

⎤
⎥⎥⎦ .

i j
k pij (k) > 0

pij(n) =
∑
k

pik(n− 1)pkj .

p23(1) = p23 = 0

p23(2) =
4∑

k=1

p2kpk3 =
1

6
> 0,

p24(1) = p24 = 0,

p24(2) =
4∑

r=1

p2rpr4 = 0,

p24(3) =
4∑

k=1

p2k(2)pk4 =
4∑

k=1

(
4∑

l=1

p2lplk

)
pk4 =

1

12
> 0,

�

80



10 10
60 20

20
50 25

V O Z NR

=
V O
Z
NR

⎡
⎣ 0.8 0.1 0.1

0.2 0.6 0.2
0.25 0.25 0.5

⎤
⎦ .

p31(2)
2

2 =

⎡
⎣ 0.685 0.165 0.150

0.330 0.430 0.240
0.375 0.300 0.325

⎤
⎦ ,

p31(2) = 0.375



2

p31(2) =
3∑

k=1

p3kpk1

= 0.25 · 0.8 + 0.25 · 0.2 + 0.5 · 0.25
= 0.375.

�
( )

( ) 2a

Xn n ∈ N

{Xn, n ∈ N}

RXn = {0, 1, ..., 2a}

Ci = { i }
Di = { 2a−i }

pi,i−1 = P (Ci) =
i
2a
, i = 1, 2, . . . , 2a

pi,i+1 = P (Di) =
2a−i
2a

, i = 0, 1, . . . , 2a− 1
pii = 0
pij = 0, |i− j| > 1



=

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 . . . 0 0 0
1
2a

0 2a−1
2a

0 . . . 0 0 0
0 2

2a
0 2a−2

2a
. . . 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . 2a−1

2a
0 1

2a

0 0 0 0 . . . 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎦ .

n
0 2a

1
�

( ) 2m
k ∈ {0, 1, . . . , 2m}

2m k

2m Xn

n Xn

{Xn | n =

1, 2, . . .}

Xn n = 1, 2, ...
RXn = {0, 1, ..., 2m}

pij = P{Xn = j | Xn−1 = i} =

(
2m

j

)
pji q

2m−j
i , i, j = 0, 1, . . . , 2m,

pi
i



pi =
i

2m
, i = 0, 1, . . . , 2m.

�

( 1) ( 2)

1/4
1/2

Xn

n

Xn

{1, 2} p11 = 1/4 p21 = 1/2

p12 = 1− p11 = 3/4
p22 = 1− p21 = 1/2

=

[
1/4 3/4
1/2 1/2

]
n



(0) = (1, 0) (3)

(3) = (0) 3 = [1 0]

[
25/64 39/64
13/32 19/32

]
= [25/64 39/64] .

25/64 39/64

P{X1 = 1, X2 = 1 | X0 = 1}

P{X1 = 1, X2 = 1 | X0 = 1} =
P{X0 = 1, X1 = 1, X2 = 1}

P{X0 = 1}

=
P{X0 = 1}P{X1 = 1 | X0 = 1}P{X2 = 1 | X1 = 1}

P{X0 = 1}
= p11 · p11 = 1

16
.

∗ = [p∗1 p∗2]
∗ = ∗

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1
4
p∗1 +

1
2
p∗2 = p∗1

3
4
p∗1 +

1
2
p∗2 = p∗2

p∗1 + p∗2 = 1

.

p∗1 =
2

5
, p∗2 =

3

5
.

�

=

[
1− α α
1 0

]
.



[p∗1 p∗2] = [p∗1 p∗2]
[
1− α α
1 0

]
,

⎧⎨
⎩

p∗1 = (1− α)p∗1 + p∗2
p∗2 = αp∗1
p∗1 + p∗2 = 1

⇐⇒
{

αp∗1 = p∗2
p∗1 + p∗2 = 1

.

p∗1 + αp∗1 = 1,

p∗1 =
1

1 + α
p∗2 = 1 − p∗1 =

α

1 + α

H =
1

1 + α
H(1− α, α) +

α

1 + α
H(1, 0) =

1

1 + α
[−(1− α) (1− α)− α α] .

�

S = {0, 1, 2}

=

⎡
⎣ 1/2 1/2 0

1/3 1/3 1/3
0 1/2 1/2

⎤
⎦ .

p(0) =

(
1

2

1

3

1

6

)
P{X0 = 0, X1 = 0, X2 = 1, X3 = 2}
P{X2 = 1, X3 = 2 | X0 = 0, X1 = 0}
P{X3 = 2 | X0 = 0}



(3)

{Xn, n ∈ N}

P{X0 = 0, X1 = 0, X2 = 1, X3 = 2}

= P{X0 = 0}P{X1 = 0 | X0 = 0}P{X2 = 1|X1 = 0}P{X3 = 2|X2 = 1}

= p
(0)
0 p00p01p12

=
1

2
· 1
2
· 1
2
· 1
3
=

1

24
.

P{X2 = 1, X3 = 2 | X0 = 0, X1 = 0} =
P{X0 = 0, X1 = 0, X2 = 1, X3 = 2}

P{X0 = 0, X1 = 0}

=
1/24

P{X0 = 0}P{X1 = 0 | X0 = 0}

=
1/24

p
(0)
0 p00

=
1/24

1/2 · 1/2 =
1

6
.

P{X3 = 2 |X0 = 0} = p
(3)
02

p
(3)
02

3

3 =

⎡
⎣ 25/72 31/72 16/72

31/108 46/108 31/108
16/72 31/72 25/72

⎤
⎦ .

p
(3)
02 =

16

72
=

2

9
.



(3) = (0) 3 =

[
1

2

1

3

1

6

]⎡⎣ 25/72 31/72 16/72
31/108 46/108 31/108
16/72 31/72 25/72

⎤
⎦ ,

(3) =

[
397

1296

463

1296

436

1296

]
∗ = (p∗0, p

∗
1, p

∗
2)

[p∗0 p∗1 p∗2] = [p∗0 p∗1 p∗2]

⎡
⎣ 1/2 1/2 0

1/3 1/3 1/3
0 1/2 1/2

⎤
⎦ ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

p∗0 =
1
2
p∗0 +

1
3
p∗1

p∗1 =
1
2
p∗0 +

1
3
p∗1 +

1
2
p∗2

p∗2 =
1
3
p∗1 +

1
2
p∗2

p∗0 + p∗1 + p∗2 = 1

.

p∗0 =
2

7
, p∗1 =

3

7
, p∗2 =

2

7

H =
2

7
H

(
1

2
,
1

2
, 0

)
+

3

7
H

(
1

3
,
1

3
,
1

3

)
+

2

7
H

(
0,

1

2
,
1

2

)
=

2

7
+

3

7
3 +

2

7
= 1.2507.

�

N N



0, 1, ..., N
{0, 1, ..., N}

pii = 2
i

N

N − i

N
, i = 0, 1, . . . , N,

pi,i−1 =

(
i

N

)2

, i = 1, . . . , N,

pi,i+1 =

(
N − i

N

)2

, i = 0, 1, . . . , N − 1,

pi,j = 0, |i− j| > 1,

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 . . . 0 0 0
1
N2 2 1

N
N−1
N

(N−1)2

N2 0 . . . 0 0 0

0 22

N2 2 2
N

N−2
N

(N−2)2

N2 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 . . . (N−1)2

N2 2N−1
N

1
N

1
N2

0 0 0 0 . . . 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

∗ = [p∗0 . . . p∗N ]
∗ = ∗



⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p∗0 =
1

N2
p∗1

p∗k =
(N − k + 1)2

N2
p∗k−1 + 2

k

N

N − k

N
p∗k +

(k + 1)2

N2
p∗k+1, k = 1, 2, . . . , N − 1

p∗N =
1

N2
p∗N−1

N∑
k=0

p∗k = 1

�

S =
{0, 1, 2}

=

⎡
⎣ 2/5 1/5 2/5

1/5 4/5 0
2/5 0 3/5

⎤
⎦ .

(0) = [1/3 1/2 1/6]

P{X0 = 1, X1 = 1, X2 = 0, X3 = 2};
P{X2 = 0, X3 = 2|X0 = 1, X1 = 1};
P{X2 = 2|X0 = 0};
(2);



( 1 2)
( 0)

( )

3×3

1 2 3
4 5 6
7 8 9



( )

6 n
j (n + 1)

Xn

n

{Xn, n ∈
{1, 2, . . .}}

{Xn, n ∈ {1, 2, . . .}} (
)

P {X2 = 3, X3 = 4, X5 = 3}

20
30 40

20
10 60

( )
(

)

( )

2× 2× 2 ( 8 )



( )

1, 2, . . . , n
0 < t1 < t2 < . . . < tk < . . .

2/3
1/3 2, . . . , n − 1

1 2/3
1/3 2 n 1/3

n 2/3 n− 1

n = 4

A p = 0.6
E1 (n− 1) n

AA E2 AA E3

AA E4 AA

n



C X
RX X D∗ = D ∪ D2 ∪

D3 ∪ . . . D

D
C(x) x ∈

RX l(x) C(x)

RX = {a, b, c} C(a) = 00 C(b) = 11 C(c) =
101 D = {0, 1}



L(C) C
X p(x)

L(C) =
∑
x∈RX

l(x)P{X = x} =
∑
x∈RX

p(x)l(x),

l(x) x

D =
{0, 1, . . . , d− 1}

X RX

X

P{X = 1} = 1/2 C(1) = 0
P{X = 2} = 1/4 C(2) = 10
P{X = 3} = 1/8 C(3) = 110
P{X = 4} = 1/8 C(4) = 111

X

H(X) = −(1/2) (1/2)− (1/4) (1/4)− (1/8) (1/8)− (1/8) (1/8)
= 1/2 + (1/4) 2 + (1/8) 3 + (1/8) 3 = 7/4 = 1.75 .

L(C) = (1/2) · 1 + (1/4) · 2 + (1/8) · 3 + (1/8) · 3 = 1.75 .

L(C) = H(X)
X

�

X
RX

X

P{X = 1} = 1/3 C(1) = 0
P{X = 2} = 1/3 C(2) = 10
P{X = 3} = 1/3 C(3) = 11



X

H(X) = 3 = 1.58 ,

L(C) = (1/3) · 1 + (1/3) · 2 + (1/3) · 2 = 1.66 .

L(C) > H(X)

X �
`

RX D∗

xi �= xj ⇒ C(xi) �= C(xj).

X

X

C∗ C
RX D∗

C∗(x1x2 . . . xn) = C(x1)||C(x2)|| ||C(xn),

C(x1)||C(x2)|| . . . ||C(xn)

C(a) = 0 C(b) = 11 C∗(ab) = 011

D∗

RX C∗

= C∗( )



xi

X

1 0 10 0
2 1 00 10
3 00 11 110
4 11 110 111

C∗(1234) = 010011 C∗(121122) = 010011 C∗(12114) = 010011
010011

D = {0, 1}
C(3) = 11

C(4)

�



d l1, l2, . . . , lm

m∑
i=1

d−li � 1.

l1, l2, . . . , lm

d
l1, l2, . . . , lm d

d
d

d

d = 2

lmax



lmax

li dlmax−li lmax

dlmax ∑
i

dlmax−li � dlmax .

dlmax

∑
i

d−li � 1,

l1, l2, . . . , lm

l1

l2

l1, l2, . . . , lm
�

2 2 3



2−2 + 2−2 + 2−3 =
1

4
+

1

4
+

1

8
=

5

8
< 1.

3
3

00 11 

l1 = 2 2
C(x1) = 00

      
0 1

l2 = 2
2 C(x2) = 01



l3 = 3
3 C(x3) = 100

�

d
l1, l2, . . .∑
i

d−li � 1.

l1, l2, . . .



D = {0, 1, . . . , d − 1} i
y1y2 . . . yli . 0.y1y2 . . . yli d

0.y1y2 . . . yli =

li∑
j=1

yjd
−j.

(0.y1y2 . . . yli , 0.y1y2 . . . yli +
1

dli
).

d
0.y1y2 . . . yli d−li

�

l1, l2, . . . , lm

L =
m∑
i=1

pili

L

L =
m∑
i=1

pili

l1, l2, . . . , lm

m∑
i=1

d−li � 1.



m∑
i=1

d−li = 1.

J =
m∑
i=1

pili + λ

(
m∑
i=1

d−li

)
.

li

∂J

∂li
= pi − λd−li d.

0

∂J

∂li
= pi − λd−li d = 0,

d−li =
pi

λ d
, i = 1, 2, . . . ,m.

i = 1, 2, . . . ,m

m∑
i=1

d−li =
m∑
i=1

pi
λ d

1 =
1

λ d

m∑
i=1

pi

1 =
1

λ d

λ =
1

d
.

λ pi = d−li

l∗i = − dpi.



L∗ =
m∑
i=1

pil
∗
i = −

m∑
i=1

pi dpi = Hd(X).

li

L
l∗i i = 1, 2, . . . ,m

L d
X Hd(X)

L � Hd(X).

d−li = pi

L − Hd(X) � 0

L−Hd(X) =
m∑
i=1

pili +
m∑
i=1

pi dpi

= −
m∑
i=1

pi dd
−li +

m∑
i=1

pi dpi =
m∑
i=1

pi( dpi − dd
−li)

=
m∑
i=1

pi d

pi
d−li

=
m∑
i=1

pi d

⎛
⎜⎜⎝ pi
d−li

·

m∑
j=1

d−lj

m∑
j=1

d−lj

⎞
⎟⎟⎠

=
m∑
i=1

pi d

pi
d−li

m∑
j=1

d−lj

−
m∑
i=1

pi d

(
m∑
j=1

d−lj

)

=
m∑
i=1

pi d

pi
ri

−
m∑
i=1

pi dc,



ri =
d−li

m∑
j=1

d−lj

, c =
m∑
j=1

d−lj � 1

L−Hd(X) = D(p||r)− dc

= D(p||r) + d

1

c
� 0.

L−Hd(X) � 0 d−li = pi
�

d
d−n n

L = Hd(X)
X d

L

H(X) � L < H(X) + 1.

L l1 l2
lm

L =
m∑
i=1

pili

L
L � Hd(X) li = − d pi

i = 1, 2, . . . m − d pi

li = �− dpi� ,

�x� x

− dpi � �− dpi�



−(− dpi) � −�− dpi� ,

d−�− dpi� � d−(− dpi).

m∑
i=1

d−�− dpi� �
m∑
i=1

d−(− dpi) =
m∑
i=1

d dpi =
m∑
i=1

pi = 1,

− d pi � li < − d pi + 1,

i = 1, 2, . . . ,m
pi i

−
m∑
i=1

pi dpi �
m∑
i=1

pili < −
m∑
i=1

pi dpi +
m∑
i=1

pi,

Hd(X) � L < Hd(X) + 1.

l∗1 l∗2 l∗m
L∗

d
Hd(X) � L∗ < Hd(X) + 1.

li = �− pi� i = 1, 2, . . . ,m li

Hd(X) � L < Hd(X) + 1.

L∗ L∗ � L
L∗ � Hd



Hd(X) � L∗ � L < Hd(X) + 1.

�

n n
Rn

X

Ln

l(x1, x2, . . . , xn) (x1, x2, . . . , xn)

Ln =
1

n

∑
p(x1, x2, . . . , xn)l(x1, x2, . . . , xn) =

1

n
E(l(X1, X2, . . . , Xn)).

H(X1, X2, . . . , Xn) � E(l(X1, X2, . . . , Xn)) < H(X1, X2, . . . , Xn) + 1.

X1, X2, . . . , Xn

H(X1, X2, . . . , Xn) =
n∑

i=1

H(Xi) = nH(X).

nH(X) � E(l(X1, X2, . . . , Xn)) < nH(X) + 1,

H(X) � 1

n
E(l(X1, X2, . . . , Xn)) < H(X) +

1

n
,

H(X) � Ln < H(X) +
1

n
.

n



H(X1, X2, . . . , Xn) � E(l(X1, X2, . . . , Xn)) < H(X1, X2, . . . , Xn) + 1.

n

H(X1, X2, . . . , Xn)

n
� Ln <

H(X1, X2, . . . , Xn)

n
+

1

n
.

1

n
H(X1, X2, . . . , Xn) → H

n → +∞
n

H(X1, X2, . . . , Xn)

n
� Ln <

H(X1, X2, . . . , Xn)

n
+

1

n
.

X1, X2, . . . , Xn

L∗
n → H,

H



X

X :

(
α1 α2 α3 α4 α5

0.25 0.25 0.2 0.15 0.15

)
.

X
α4 α5

1

A pi A1 pi A2 pi A3 pi

α1 0.25 α4,5 0.3 α2,3 0.45 α1,4,5 0 0.55

α2 0.25 α1 0.25 α4,5 0.3 α2,3 0.45

α3 0.2 α2 0.25 α1 0.25

α4 0.15 α3 0.2

α5 0.15

A = {α1, α2, α3, α4, α5}
X

α4 α5

D = {0, 1}
α4,5

0.3
A1 = {α1, α2, α3, α4,5}

A1

A1

α2 α3

0 1
α2,3

0.45
A2 = {α1, α2,3, α4,5}

D
0 1



αi

i

C(α1) = 01, C(α2) = 10, C(α3) = 11, C(α4) = 000, C(α5) = 001.

L = 2 · 0.25 + 2 · 0.25 + 2 · 0.2 + 3 · 0.15 + 3 · 0.15 = 2.3 .

�

D = {0, 1, 2}

A pi A1 pi

α1 0.25 α3,4,5 0.5

α2 0.25 α1 0.25

α3 0.2 α2 0.25

α4 0.15

α5 0.15

A

C(α1) = 1, C(α2) = 2, C(α3) = 00, C(α4) = 01, C(α5) = 02,

L = 1 · 0.25 + 1 · 0.25 + 2 · 0.2 + 2 · 0.15 + 2 · 0.15 = 1.5

�

d−1
d d � 3

d

0



m m − 1
d− 1

m′

c m−1 d−
d− 1

m′ = d− 1− c.

m d r
m− 1 = r(d− 1) m = r(d− 1) + 1

m′

p1 � p2 �
. . . � pm

d
D

A1

d

A1

m1 = m+m′ − (d− 1) = m− (d+ 1−m′) = m− c.

A1 d

αi

D
i



r r m+m′ − 1 d− 1
Ar

mr = mr−1 − (d− 1)
= mr−2 − 2(d− 1)
= . . .
= m1 − (r − 1)(d− 1)
= m− c− (r − 1)(d− 1).

m− 1 = r(d− 1) + c m− c = r(d− 1) + 1

mr = r(d− 1) + 1− (r − 1)(d− 1) = d− 1 + 1 = d.

d
d = 2

m m− 1 d− 1 = 1
r m − 1 = r(d − 1)

r = m− 1

X :

(
α1 α2 α3 α4 α5 α6 α7 α8

0.3 0.2 0.15 0.1 0.1 0.08 0.05 0.02

)
.

m = 8 d = 3 m − 1 = 7
d − 1 = 2 c = 1

m′ = d− 1− c = 3− 1− 1 = 1
0



A pi A1 pi A2 pi A3 pi

α1 0.30 α1 0.3 α1 0.30 α2,3,4 0 0.45

α2 0.20 α2 0.20 α5,6,7,8 0.25 α1 0.30

α3 0.15 α3 0.15 α2 0.20 α5,6,7,8 0.25

α4 0.10 α4 0.10 α3 0.15

α5 0.10 α5 0.10 α4 0.10

α6 0.08 α6 0.08

α7 0.05 α7,8 0.07

α8 0.02

− 0

C(α1) = 1, C(α2) = 00, C(α3) = 01, C(α4) = 02,
C(α5) = 20, C(α6) = 21, C(α7) = 220, C(α8) = 221.

L = 1·0.30+2·0.20+2·0.15+2·0.10+2·0.10+2·0.08+3·0.05+3·0.02 = 1.75

�

d αm−d+1

αm−d+2 αm d

0, 1, . . . , d− 1

αm−d+1 αm−d+2 αm

A1



A1

αi

αi

X :

(
α1 α2 α3 α4 α5

0.25 0.25 0.2 0.15 0.15

)
.

2 α4 α5

2
α4,5 0.3

0 1

A1 = {α4,5, α1, α2, α3}
2 α2 α3 A1

2



α2,3 0.45
0 1

`

αi

C(α1) = 01, C(α2) = 10, C(α3) = 11, C(α4) = 000, C(α5) = 001.

�



pj > pk lj � lk

pj > pk j k C ′
m

j k Cm



l′j = lk l′k = lj l′i = li i �= j, k

L(C ′
m)− L(Cm) =

m∑
i=1

pil
′
i −

m∑
i=1

pili

= pjl
′
j + pkl

′
k − pjlj − pklk

= pjlk + pklj − pjlj − pklk
= pj(lk − lj)− pk(lk − lj)
= (pj − pk)(lk − lj).

Cm L(C ′
m) − L(Cm) � 0 pj − pk > 0

lk − lj � 0 lk � lj

�

d d



d Cm

m
p1 � p2 � . . . � pm

Cm−1 m − 1
Cm

pm−1+pm Cm Cm−1

Cm−1 Cm

Cm−1 Cm

p1 w′
1 l′1 p1 w1 = w′

1 l1 = l′1
p2 w′

2 l′2 p2 w2 = w′
2 l2 = l′2

pm−2 w′
m−2 l′m−2 pm−2 wm−2 = w′

m−2 lm−2 = l′m−2

pm−1 + pm w′
m−1 l′m−1 pm−1 wm−1 = w′

m−10 lm−1 = l′m−1 + 1

pm wm = w′
m−11 lm = l′m−1 + 1

Cm

L(Cm) =
m∑
i=1

pili

=
m−2∑
i=1

pil
′
i + pm−1(l

′
m−1 + 1) + pm(l

′
m−1 + 1)

=
m−2∑
i=1

pil
′
i + l′m−1(pm−1 + pm) + pm−1 + pm

= L(Cm−1) + pm−1 + pm.

Cm

Cm−1 Cm−1

L(Cm) L(Cm−1)
m − 1

(p1, p2, . . . , pm−2, pm−1 + pm)



m − 2

m

C∗ C ′

L(C∗) � L(C ′).

�

d
d

l(x) = �− p(x)�

1 2 m RX =
{1, 2, . . . ,m} p(x) > 0 x

X

F (x) =
∑
a<x

p(a).

F (x)
F1(x)

F1(x) =
∑
a<x

p(a) +
1

2
p(x),



F1(x)
x x

F1(x) = F (x) +
p(x)

2
.

p(x) = 0 x /∈ RX F1(x) = F (x)
x /∈ RX F1(x)

F (x) x ∈ RX x

F (x) +
p(x)

2
p(x) x ∈ RX F1(a) �= F1(b)

a �= b a, b ∈ RX F1(x)
x ∈ RX F1(x)

x ∈ RX F1(x)
F1(x)

x
F1(x)
l(x)
F1(x)

l(x) �F1(x)�l(x)
l(x) F1(x) x

F1(x)− �F1(x)�l(x) < 1

2l(x)
.



l(x) = �− 2 p(x)�+ 1

l(x) > − 2p(x) + 1
1− l(x) < 2p(x)
21−l(x) < p(x),

1

2l(x)
<

p(x)

2
= F1(x)− F (x)

X
l(x) = �− 2 p(x)� + 1

F1(x)− 1

2l(x)
< �F1(x)�l(x),

F (x) < F1(x)− 1

2l(x)
.

F (x) < F1(x)− 1

2l(x)
< �F1(x)�l(x) � F1(x).

�F1(x)�l(x) x
�F1(x)�l(x) x

l(x) x

�F1�l(x) = z1z2 . . . zl(x)

[
0.z1z2 . . . zl(x), 0.z1z2 . . . zl(x) +

1

2l(x)

)
=

[
�F1�l(x), �F1�l(x) + 1

2l(x)

)
.

l(x)



x 2−l(x)

x

1

2l(x)
<

p(x)

2
.

1

2l(x)
<

p(x)

2
= F (x+ 1)− F1(x).

F (x+ 1) > F1(x) +
1

2l(x)
> �F1(x)�l(x) + 1

2l(x)
.[

�F1�l(x), �F1�l(x) + 1

2l(x)

)
[F (x), F (x+ 1)] x



X
F (x)

F1(x) = F (x) +
p(x)

2
x ∈ RX

F1(x)
x ∈ RX

x ∈ RX l(x) = �− 2 p(x)�+1
F1(x)

x
l(x) = �− 2 p(x)�+ 1

L =
∑
x

p(x)l(x) =
∑
x

p(x) (�− p(x)�+ 1)

<
∑
x

p(x) (− p(x) + 2) = H(X) + 2.



2
2−n n

F1(x)
p(x) F (x) F1(x) l = �− 2 pi�+ 1

α1 0.25 0 0.125 0.001 3 001
α2 0.5 0.25 0.5 0.10 2 10
α3 0.125 0.75 0.8125 0.1101 4 1101
α4 0.125 0.875 0.9375 0.1111 4 1111

1

L = 3 · 0.25 + 2 · 0.5 + 4 · 0.125 + 4 · 0.125 = 2.75 ,

X H(X) = 1.75

�

2
F1(x)

F1(x)
p(x) F (x) F1(x) l = �− 2 pi�+ 1

α1 0.25 0 0.125 0.001 3 001
α2 0.25 0.25 0.375 0.011 3 011
α3 0.2 0.5 0.6 0.1(0011) 4 1001
α4 0.15 0.7 0.775 0.110(0011) 4 1100
α5 0.15 0.85 0.925 0.111(0110) 4 1110

1

�



x �− p(x)�
1

p(x1, x2, . . . , xn) F (x1

x2 xn) (x1, x2, . . . , xn)
(x1, x2, . . . , xn)

[F (x1, x2, . . . , xn), F (x1, x2, . . . , xn) + p(x1, x2, . . . , xn)).

F (x1, x2, . . . , xn)
�− p(x1, x2, . . . , xn)� +1 (x1, x2, . . . , xn)

n

n



p(x1, x2, . . . , xn) =
n∏

i=1

p(xi).

X :

(
a b c
0.5 0.25 0.25

)
.

a 0.5 [0, 0.5)
b 0.25 [0.5, 0.75)
c 0.25 [0.75, 1)

baca

p( ) = p(baca) = p(b)p(a)p(c)p(a) = 0.015625.

�− p( )�+ 1 = 7.

baca

b
b [0.5, 0.75)

X
ba bb

bc ba [0.5, 0.625)
bb [0.625, 0.875) bc [0.685, 0.75)

ba
[0.5, 0.625)



X
baa [0.5, 0.5625) bab

[0.5625, 0.59375) bac [0.59375, 0.625)
bac

[0.59375, 0.625)

[0.59375, 0.625)
a

baca [0.59375, 0.609375)

0 1 1
b 0.5 0.75 0.25
a 0.5 0.625 0.125
c 0.59375 0.609375 0.015625



[0.59375, 0.609375) 0.59375 =
0.10011002

baca 1001100 �

RX

DolnaGranica := 0
GornaGranica := 1

Rang := GornaGranica−DolnaGranica
GornaGranica := DolnaGranica

+Rang ·GornaGranicaNaIntervalotNaSimbolot
DolnaGranica := DolnaGranica

+Rang ·DolnaGranicaNaIntervalotNaSimbolot

Broj = 0.z1z2 . . . zn
z1z2 . . . zn

Rang := GornaGranicaNaIntervalotNaSimbolot−
DolnaGranicaNaIntervalotNaSimbolot

Broj := Broj −DolnaGranicaNaIntervalotNaSimbolot
Broj := Broj/Rang

1001100

0.10011002 = 0.5937510
Broj = 0.59375 4



[0, 1)
X

a 0.5 [0, 0.5)
b 0.25 [0.5, 0.75)
c 0.25 [0.75, 1)

Broj = 0.59375 b

Broj Simbol Rang

0.59375 b 0.25
(0.59375− 0.5)/0.25 = 0.375 a 0.5

(0.375− 0)/0.5 = 0.75 c 0.25
(0.75− 0.75)/0.25 = 0 a

�

X
0.49

0.49 [0, 0.5)
a a

[0, 0.5) a
X [0, 0.25) aa

[0.25, 0.375) ab [0.375, 0.5) ac
0.49 ac

[0.375, 0.5) ac
X [0.375, 0.4375) aca
[0.4375, 0.46875) acb [0.46875, 0.5)
acc 0.49

acc acc

�



X
RX = {1, 2, 3, 4, 5} p(x) q(x) C1(x) C2(x)

p(x) q(x)

p(x) q(x) C1(x) C2(x)
1 1/2 1/2 0 0
2 1/4 1/8 10 100
3 1/8 1/8 110 101
4 1/16 1/8 1110 110
5 1/16 1/8 1111 111

H(p) H(q) D(p||q) D(q||p)

C1 p C2 q



C2 p
p

q C1

H(p) = H

(
1

2
,
1

4
,
1

8
,
1

16
,
1

16

)
= −1

2

1

2
− 1

4

1

4
− 1

8

1

8
−2 · 1

16

1

16
= 1.875

H(q) = H

(
1

2
,
1

8
,
1

8
,
1

8
,
1

8

)
= −1

2

1

2
− 4 · 1

8

1

8
= 2

D(p||q) =
∑

x∈RX

p(x)
p(x)

q(x)

=
1

2

1/2

1/2
+

1

4

1/4

1/8
+

1

8

1/8

1/8
+

1

16

1/16

1/8
+

1

16

1/16

1/8
= 0.125

D(q||p) =
∑

x∈RX

q(x)
q(x)

p(x)

=
1

2

1/2

1/2
+

1

8

1/8

1/4
+

1

8

1/8

1/8
+

1

8

1/8

1/16
+

1

8

1/8

1/16
= 0.125

l1 = Lp(C1) = 1 · 1
2
+ 2 · 1

4
+ 3 · 1

8
+ 4 · 1

16
+ 4 · 1

16
=

15

8
= 1.875 = H(p)

C1 p

l2 = Lq(C2) = 1 · 1
2
+ 3 · 1

8
+ 3 · 1

8
+ 3 · 1

8
+ 3 · 1

8
= 2 = H(q)

C2 q

Lp(C2) = 1 · 1
2
+ 3 · 1

4
+ 3 · 1

8
+ 3 · 1

16
+ 3 · 1

16
=

32

16
= 2

Lp(C2)−H(p) = 0.125 = D(p||q)



Lq(C1) = 1 · 1
2
+ 2 · 1

8
+ 3 · 1

8
+ 4 · 1

8
+ 4 · 1

8
= 2.125

Lq(C1)−H(q) = 0.125 = D(q||p)

�

pi i

(p1, p2, . . . , p6) =

(
8

23
,
6

23
,
4

23
,
2

23
,
2

23
,
1

23

)
.

i
1 i

0 p1

1 → 1
2 → 01
3 → 001
4 → 0001
5 → 00001
6 → 00000 ( , − ).

6∑
i=1

lipi = 1 · 8

23
+ 2 · 6

23
+ 3 · 4

23
+ 4 · 2

23
+ 5 · 2

23
+ 5 · 1

23
=

55

23
= 2.39.

�



i
i

A pi A1 pi A2 pi A3 pi A4 pi
8
23

8
23

8
23

9
23

1 14
23

6
23

6
23

6
23

1 8
23

0 9
23

4
23

4
23

1 5
23

0 6
23

2
23

1 3
23

0 4
23

1 2
23

0 2
23

0 1
23

i
i

1 → 11
2 → 10
3 → 00
4 → 010
5 → 0111
6 → 0110



6∑
i=1

lipi = 2 · 8

23
+ 2 · 6

23
+ 2 · 4

23
+ 3 · 2

23
+ 4 · 2

23
+ 4 · 1

23
=

54

23
= 2.35

�

X :

⎛
⎜⎝

α1 α2 α3 α4 α5 α6

10

28

6

28

5

28

4

28

2

28

1

28

⎞
⎟⎠ .

X

Y RX =
RY

H(X) H(Y )

A pi A1 pi A2 pi A3 pi A4 pi

α1
10
28

α1
10
28

α1
10
28

α2,3
11
28

α1,4,5,6 0 17
28

α2
6
28

α2
6
28

α4,5,6
7
28

α1 0 10
28

α2,3 1 11
28

α3
5
28

α3
5
28

α2 0 6
28

α4,5,6 1 7
28

α4
4
28

α4 0 4
28

α3 1 5
28

α5 0 2
28

α5,6 1 3
28

α6 1 1
28



α1 → 00
α2 → 10
α3 → 11
α4 → 010
α5 → 0110
α6 → 0111

2, 2, 2, 3, 4, 4

li = − pi pi = 2−li , i = 1, ..., 6
Y

Y :

⎛
⎜⎝

α1 α2 α3 α4 α5 α6

1

4

1

4

1

4

1

8

1

16

1

16

⎞
⎟⎠ .

L1 L2

X
Y

L1 = 2 · 10
28

+ 2 · 6

28
+ 2 · 5

28
+ 3 · 4

28
+ 4 · 2

28
+ 4 · 1

28
=

66

28
=

132

56

L2 = 2 · 1
4
+ 2 · 1

4
+ 2 · 1

4
+ 3 · 1

8
+ 4 · 1

16
+ 4 · 1

16
=

19

8
=

133

56
(= H(Y )).

L1 < L2

H(X) � L < H(X) + 1.

H(X) � L1 < L2 = H(Y ).

H(X) < H(Y ).
�

a b 0.8 0.2



A = {a, b} D =
{0, 1, 2, 3}

A = {a, b}

A = {a, b}

α1 = aaa p(α1) = 0.83 = 0.512;
α2 = aba p(α2) = 0.82 · 0.2 = 0.128;
α3 = baa p(α3) = 0.82 · 0.2 = 0.128;
α4 = aab p(α4) = 0.82 · 0.2 = 0.128;
α5 = abb p(α5) = 0.22 · 0.8 = 0.032;
α6 = bab p(α6) = 0.22 · 0.8 = 0.032;
α7 = bba p(α7) = 0.22 · 0.8 = 0.032;
α8 = bbb p(α8) = 0.23 = 0.008

m = 8
d = 4 c = (m 1) (d 1) = 7 3 = 1 �= 0

m′ = d 1 c = 2
0

A pi A1 pi A2 pi

α1 0.512 α1 0.512 α1 0 0.512

α2 0.128 α2 0.128 α4,5,6,7,8 1 0.232

α3 0.128 α3 0.128 α2 2 0.128

α4 0.128 α4 0 0.128 α3 3 0.128

α5 0.032 α7,8 1 0.04

α6 0.032 α5 2 0.032

α7 0 0.032 α6 3 0.032

α8 1 0.008

− 2 0

− 3 0



α1 → 0, α2 → 2, α3 → 3, α4 → 10,
α5 → 12, α6 → 13, α7 → 110, α8 → 111.

L = 1 · (0.512 + 0.128 + 0.128) + 2 · (0.128 + 0.032 + 0.032) + 3 · (0.032 + 0.008)
= 1.272.

pi F (x) F1(x) F1(x) l = �− 2 pi�+ 1

α1 0.512 0 0.256 0.01000001 2 01
α2 0.128 0.512 0.576 0.1001001 4 1001
α3 0.128 0.64 0.704 0.1011010 4 1011
α4 0.128 0.768 0.832 0.1101010 4 1101
α5 0.032 0.896 0.912 0.1110100 6 111010
α6 0.032 0.928 0.944 0.1111000 6 111100
α7 0.032 0.96 0.976 0.1111100 6 111110
α8 0.008 0.992 0.996 0.11111110 8 11111110

1

α1 → 01, α2 → 1001, α3 → 1011, α4 → 1101,
α5 → 111010, α6 → 1111100, α7 → 111110, α8 → 111111110.

�

X :

(
α1 α2 α3 α4 α5 α6 α7

0.25 0.25 0.1 0.15 0.07 0.08 0.1

)
.



(
)

B = {0, 1, 2}
B = {0, 1} .

X :

(
1 2 3 4 5
0.1 0.2 0.3 0.15 0.25

)
.

( )

X :

(
a b c
0.3 0.4 0.3

)
.

aabcb

X :

(
a1 a2 a3 a4
0.2 0.1 0.4 0.3

)
.

a1, a2, a3, a4

a1, a2, a3, a4
D =

{0, 1, 2, 3} 2

( ) a3a2a1







(RX ,Π, RY ) RX

RY Π = [p(y|x)]
p(y|x) y

x ∑
y∈RY

p(y|x) =1.

x ∈ RX p(y|x)
Π x

y ∈ RY

P{Y = y} =
∑
x∈RX

P{X = x}P{Y = y|X = x} =
∑
x∈RX

P{X = x}p(y|x).

X

X Y

Y

Y = XΠ.

= (x1, x2, . . . , xn) ∈ Rn
X = (y1, y2, . . . , yn) ∈

Rn
Y

P ( | ) = P ((y1, y2, . . . , yn)|(x1, x2, . . . , xn)) = P (y1|x1)P (y2|x2) . . . P (yn|xn).

C =
p(x)

I(X;Y ),

p(x)



2

Π =

[
1 0
0 1

]
.

1
X

I(X;Y ) = H(Y )−H(Y |X)
= H(Y ) (X Y, H(Y |X) = 0)
= H(X) ( X Y ).

I(X;Y ) H(X)
X



RX = {0, 1}

C =
p(x)

I(X;Y ) =
p(x)

H(X) = H(1/2, 1/2) = 1 .

Π =

[
α 1− α 0 0
0 0 β 1− β

]
.

I(X;Y ) = H(X)−H(X|Y )
= H(X) (Y X, H(X|Y ) = 0).

C =
p(x)

I(X;Y ) =
p(x)

H(X) = H(1/2, 1/2) = 1 .



p 0 < p < 1/2
0 1

Π =

[
1− p p
p 1− p

]
.

p

I(X;Y ) = H(Y )−H(Y |X)
= H(Y )−∑

x

p(x)H(Y |X = x)

= H(Y )−∑
x

p(x)H(p, 1− p)

= H(Y )−H(p, 1− p)
∑
x

p(x)

= H(Y )−H(p, 1− p)
� 1−H(p, 1− p).

Y
H(Y ) � 2 = 1 Y

X Y RY =



{0, 1} X
RX = {0, 1}
P{Y = 0} = P{X = 0}P{Y = 0|X = 0}+ P{X = 1}P{Y = 0|X = 1}

=
1

2
· (1− p) +

1

2
· p =

1

2

P{Y = 1} = P{X = 0}P{Y = 1|X = 0}+ P{X = 1}P{Y = 1|X = 1}
=

1

2
· p+ 1

2
· (1− p) =

1

2
.

H(Y ) H(Y ) = 1
C =

1 − H(p, 1 − p) H(p, 1 − p)

C(p) = 1−H(p, 1− p)

0.5 1
p

1

C�p�

p = 0 p = 1
1 p = 0

p = 1 0
1

p = 1/2 0



1/2

α ·100 0 � α � 1

[
1− α α 0
0 α 1− α

]

I(X;Y ) = H(X)−H(X|Y ) H(X|Y )

Y = 0 Y = 1 X
H(X|Y = 0) = 0 H(X|Y = 1) = 0

Y = e X
H(X|Y = e) = H(X)

H(X|Y ) = P{Y = 0}H(X|Y = 0) + P{Y = e}H(X|Y = e)
+P{Y = 1}H(X|Y = 1)

= P{Y = 0} · 0 + P{Y = e} ·H(X) + P{Y = 1} · 0
= P{Y = e} ·H(X).



P{Y = e} = P{X = 0}P{Y = e|X = 0}+ P{X = 1}P{Y = e|X = 1}
= P{X = 0} · α + P{X = 1} · α
= α.

H(X|Y ) = αH(X).

X Y

I(X;Y ) = H(X)−H(X|Y )
= H(X)− αH(X)
= (1− α)H(X).

C =
p(x)

I(X;Y ) =
p(x)

(1− α)H(X) = 1− α,

p(x)
H(X) = H(1/2, 1/2) = 1

X RX = {0, 1}
C = 1−α

α
1− α 1− α

1−α 1−α
1− α

RX RY

Π



|RX | = |RY | Π

Π =

⎡
⎣ 0.3 0.2 0.5

0.5 0.3 0.2
0.2 0.5 0.3

⎤
⎦

X Z
{0, 1, . . . , c − 1}

X Z Y = X + Z ( c)

X Y

I(X;Y ) = H(Y )−H(Y |X)
= H(Y )−H( )
� |RY | −H( ).

X
RX Y RY

X P{X = x} = 1/|RX |
x ∈ RX Y

P{Y = y} =
∑
x∈RX

P{X = x}P{Y = y|X = x}

=
∑
x∈RX

1

|RX |P{Y = y|X = x}

=
1

|RX |
∑
x∈RX

P{Y = y|X = x}

=
1

|RX | =
1

|RY |
y ∈ RY Y RY

C =
p(x)

I(X;Y ) =
p(x)

H(Y )−H( ) = |RY | −H( ).



Π =

⎡
⎣ 0.3 0.2 0.5

0.5 0.3 0.2
0.2 0.5 0.3

⎤
⎦

C = 3−H(0.5, 0.3, 0.2).

�

Π

Π =

[
1/3 1/6 1/2
1/3 1/2 1/6

]
,

C = |RY |−H(r) r Π

p(x) = 1/|RX | Y

P{Y = y} =
∑
x∈RX

P{X = x}P{Y = y|X = x}

=
∑
x∈RX

1

|RX |P{Y = y|X = x}

=
1

|RX |
∑
x∈RX

P{Y = y|X = x}

=
1

|RX | · c =
1

|RY |
y ∈ RY c

Y RY

C =
p(x)

I(X;Y ) =
p(x)

H(Y )−H( ) = |RY | −H( ).



C =
p(x)

I(X;Y ),

p(x)

C � 0 I(X;Y ) � 0

C � |RX |

C = I(X;Y ) = (H(X)−H(X|Y )) � H(X) = |RX |.

C � |RY |



(k, n) (RX ,Π, RY )

{1, 2, . . . , k}
X : {1, 2, . . . , k} → Rn

X

X(1) X(2) X(k)

g : Rn
Y → {1, 2, . . . , k}

i

λi = P {g( ) �= i| = i} .
λ(n)

(k, n)

λ(n) =
i∈{1,2,...,k}

λi.

i i = 1, 2, . . . ,
k

(k, n)

R =
k

n
.

R (2nR;n)

n 0 n → +∞



ε > 0 R < C N
N � R

ε

pb

R(pb) =
C

1−H(pb, 1− pb)
.

pb R(pb)

a1 a2 P (a1) = p P (a2) =
1 p = q. a1 0 a2
1

ε (0 < ε < 1/2)



E

a1
a2

ε P (E|a1) = ε P (E|a2) = ε
E

P1(E) = P (E|a1)P (a1) + P (E|a2)P (a2) = p · ε+ q · ε = (p+ q)ε = ε.

P1(E) = 1 ε
�

P1(E) 1

E
a1



a2

(
3

2

)
ε2(1−ε) (

3

2

)

ε3

P (E|a1) = 3ε2(1− ε) + ε3 = ε2(3− 2ε).

P (E|a2) = 3ε2(1− ε) + ε3 = ε2(3− 2ε).

E

P3(E) = P (a1)P (E|a1) + P (a2)P (E|a2) = (p+ q)ε2(3− 2ε) = ε2(3− 2ε)

P1(E) P3(E)
f(x) = x2(3− 2x) f(x) = x

0 � x � 1/2 x2(3 − 2x) � x
x = 0 x = 1/2 P3(E) < P1(E) 0 < ε <



1/2.

P1(E) = 1 ε
1− P3(E)

3

0 < ε <
1

2

1− P3(E)

3
=

1

3

(
1− ε2(ε− 2ε)

)
< 1− ε.

�

P {Z = 0} = P {Z = a} = 1/2. RX = {0, 1}
Z X a

a = 0 Y = X C =
p(x)

I(X;Y ) =
p(x)

H(X) = 1,

a = 1 RY = {0, 1, 2}

p(0|0) = P {Y = 0|X = 0} = P {X + Z = 0|X = 0} = P {Z = 0} = 1/2
p(1|0) = P {Y = 1|X = 0} = P {X + Z = 1|X = 0} = P {Z = 1} = 1/2
p(2|0) = P {Y = 2|X = 0} = P {X + Z = 2|X = 0} = 0
p(0|1) = P {Y = 0|X = 1} = P {X + Z = 0|X = 1} = 0
p(1|1) = P {Y = 1|X = 1} = P {X + Z = 1|X = 1} = P {Z = 0} = 1/2
p(2|1) = P {Y = 2|X = 1} = P {X + Z = 2|X = 1} = P {Z = 1} = 1/2.



Π =

[
1/2 1/2 0
0 1/2 1/2

]

α = 1/2 C = 1−α = 1/2

a = 1 RY = {−1, 0, 1} .
a = 1 C = 1− α = 1/2

a �= 0, 1 1 RY = {0, 1, a, a+ 1}

p(0|0) = P {Y = 0|X = 0} = P {X + Z = 0|X = 0} = P {Z = 0} = 1/2
p(1|0) = P {Y = 1|X = 0} = P {X + Z = 1|X = 0} = 0
p(a|0) = P {Y = a|X = 0} = P {X + Z = a|X = 0} = P {Z = a} = 1/2
p(a+ 1|0) = P {Y = a+ 1|X = 0} = P {X + Z = a+ 1|X = 0} = 0

p(0|1) = P {Y = 0|X = 1} = P {X + Z = 0|X = 1} = 0
p(1|1) = P {Y = 1|X = 1} = P {X + Z = 1|X = 1} = P {Z = 0} = 1/2
p(a|1) = P {Y = a|X = 1} = P {X + Z = a|X = 1} = 0
p(a+ 1|1) = P {Y = a+ 1|X = 1} = P {X + Z = a+ 1|X = 1}

= P {Z = a} = 1/2.

Π =

[
1/2 0 1/2 0
0 1/2 0 1/2

]
Y X H(X|Y ) = 0

C =
p(x)

H(X) = 1

X
�

Y = X + Z ( 11)

Z :

(
1 2 3
1/3 1/3 1/3

)



X ∈ {0, 1, . . . , 10} Z X

Y RY = {0, 1, . . . , 10}
x ∈ RX = {0, 1, . . . , 10}

pY (x+ 1( 11)|x) = P {X + Z = x+ 1|X = x} = P {Z = 1} = 1/3
pY (x+ 2( 11)|x) = P {X + Z = x+ 2|X = x} = P {Z = 2} = 1/3
pY (x+ 3( 11)|x) = P {X + Z = x+ 3|X = x} = P {Z = 3} = 1/3.

i �= 1, 2, 3

pY (x+ i( 11)|x) = P {X + Z = x+ i|X = x} = P {Z = i} = 0.

Π =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1/3 1/3 1/3 0 0 0 0 0 0 0
0 0 1/3 1/3 1/3 0 0 0 0 0 0
0 0 0 1/3 1/3 1/3 0 0 0 0 0
· · · · · · · · · · ·

1/3 0 0 0 0 0 0 0 0 1/3 1/3
1/3 1/3 0 0 0 0 0 0 0 0 1/3
1/3 1/3 1/3 0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

C � H(Y )−H

(
1

3
,
1

3
,
1

3

)
= H(Y )− 3.

Y
p(x) = 1/|RX |



pY (y) =
∑
x∈RX

pY (y|x)pX(x) = 1

|RX |
∑
x∈RX

pY (y|x) = · 1

|RX | =
1

|RY | .

C = 11− 3 =
11

3
.

�

Z Z

Π =

[
1 0
1/2 1/2

]
.

Z

p = P {X = 0} H(Y |X)

H(Y |X) = P {X = 0}H(Y |X = 0) + P {X = 1}H(Y |X = 1)
= pH(1, 0) + (1− p)H(1/2, 1/2) = p · 0 + (1− p) · 1 = 1− p

Y

P {Y = 0} = p · P {Y = 0|X = 0}+ (1− p) · P {Y = 0|X = 1}
= p+ (1− p) · 1

2
=

1 + p

2

P {Y = 1} = p · P {Y = 1|X = 0}+ (1− p) · P {Y = 1|X = 1}
= p · 0 + (1− p) · 1

2
=

1− p

2
.



Y

H(Y ) = −1− p

2

1− p

2
− 1 + p

2

1 + p

2

X Y

I(X;Y ) = H(Y )−H(Y |X) = −1− p

2

1− p

2
− 1 + p

2

1 + p

2
− (1− p).

p = 0 p = 1 I(X;Y ) = 0 I(X;Y )
0 < p < 1 p

f(p) = I(X;Y ) = −1− p

2

1− p

2
− 1 + p

2

1 + p

2
− (1− p)

f(p)

f ′(p) =
1

2 2

1− p

2
+

1− p

2
· 2

1− p
· 1

2
· 1
2

−1

2 2

1 + p

2
− 1 + p

2
· 2

1 + p
· 1

2
· 1
2
+ 1

=
1

2 2

1− p

2
− 1

2 2

1 + p

2
+ 1 =

1

2 2

1− p

1 + p
+ 1

f ′(p) = 0,

1

2 2

1− p

1 + p
+ 1 = 0.

1

2 2

1− p

1 + p
= −1

2

1− p

1 + p
= −2.

p =
3

5
f(p) = I(X;Y ) 0.322 C =

0.322 �



0.3, 0.3
0.4

0.3, 0.4 0.3
0.6 0.7 0.6

0.3

H(X), H(Y ), H(X, Y ), I(X;Y ), H(Y |X)

X Y

X = [0.3 0.3 0.4] , Y = [0.3 0.4 0.3] .

Π =

⎡
⎣ 0.7 0.3 p1

p2 0.6 p3
p4 p5 0.6

⎤
⎦ .

XΠ = Y

1

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0.21 + 0.3p2 + 0.4p4 = 0.3
0.09 + 0.18 + 0.4p5 = 0.4
0.3p1 + 0.3p3 + 0.24 = 0.3
0.7 + 0.3 + p1 = 1
p2 + 0.6 + p3 = 1
p4 + p5 + 0.6 = 1

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

p1 = 0
p2 = 0.2
p3 = 0.2
p4 = 0.075
p5 = 0.325



Π =

⎡
⎣ 0.7 0.3 0

0.2 0.6 0.2
0.075 0.325 0.6

⎤
⎦ .

E

P (E) =
∑

αi∈RX

P {E|X = αi}P {X = αi}
= 0.3(0.3 + 0) + 0.3(0.2 + 0.2) + 0.4(0.075 + 0.325) = 0.37.

X Y X Y

H(X) = H(Y ) = H(0.3, 0.3, 0.4)
= −0.3 0.3− 0.3 0.3− 0.4 0.4 = 1.57 .

(X, Y )

X

p(i, j) = P {X = i, Y = j} = P {X = i} · P {Y = j|X = i} .
������X

Y
yA yB yC

xA 0.21 0.09 0
xB 0.06 0.18 0.06
xC 0.03 0.13 0.24

H(X, Y ) = −0.21 0.21− 0.09 0.09− 0 0
−0.06 0.06− 0.18 0.18− 0.06 0.06
−0.03 0.03− 0.13 0.13− 0.24 0.24

= 2.7464



X Y

I(X;Y ) = H(X) +H(Y )−H(X, Y ) = 1.57 + 1.57− 2.7464 = 0.3936

H(Y |X) = H(X, Y )−H(X) = 2.7464− 1.57 = 1.1764 .

�

x1, x2, x3 x4

α = 0.4

0 1
0.6



H(X), H(Y ), H(X|Y ), I(X;Y );

0, 1 2 0.2, 0.5
0.3 0

0.3 1 0.5 2 0.2
0 2 0.2 1 2 0.3

2 0 0.3

H(Y ), H(Y |X) H(X, Y ).

a1, a2 a3 3 : 4 : 5

Π =

⎡
⎣ 0.2 0.5 0.3

0.7 0.1 0.2
0.2 0.2 0.6

⎤
⎦ .

1 0
0.3

H(X), H(Y ), H(X|Y ) I(X;Y )



X
p(x)

h(X)
X

h(X) = −
+∞∫

−∞

p(x) p(x)dx,

2
e

X U(0, a) X

p(x) =

⎧⎪⎨
⎪⎩

1

a
, x ∈ (0, a)

0,

.



X

h(X) = −
+∞∫

−∞

p(x) p(x)dx = −
a∫

0

1

a

1

a
dx =

1

a
( a)

a∫
0

dx = a.

a < 1 a < 0

�

X ∼ U [0, 1) X
X = 0.X1X2X3 . . . Xi ∼ U({0, 1, 2, , 9}) i = 1, 2, . . . Xi

H(X) = H(X1, X2, X3, . . .)

=
+∞∑
i=1

H(Xi|Xi−1, ..., X1)

=
+∞∑
i=1

H(Xi)

=
+∞∑
i=1

10

= +∞.

�

X X
c



X
p(x) c

h(X + c) = h(X).

Y = X + c Y

FY (y) = P{Y < y} = P{X + c < y} = P{X < y − c} = FX(y − c).

Y

pY (y) = F ′
Y (y) = F ′

X(y − c) = pX(y − c).

Y

h(Y ) =

+∞∫
−∞

pY (y) pY (y)dy =

+∞∫
−∞

pX(y − c) pX(y − c)dy.

x = y − c dx = dy

h(Y ) =

+∞∫
−∞

pX(y − c) pX(y − c)dy =

+∞∫
−∞

pX(x) pX(x)dx = h(X).

�

X ∼ N(a, σ2) X

p(x) =
1√
2πσ2

e−(x−a)2/2σ2

.



h(X) = −
+∞∫

−∞

p(x) p(x)dx

= −
+∞∫

−∞

p(x)

[
1√
2πσ2

e−(x−a)2/2σ2

]
dx

= −
+∞∫

−∞

p(x)

[
− (

√
2πσ2)− (x− a)2

2σ2
e

]
dx

= (
√
2πσ2)

+∞∫
−∞

p(x)dx+
1

2σ2
( e)

+∞∫
−∞

(x− a)2p(x)dx

=
1

2
(2πσ2) +

1

2σ2
DX( e)

=
1

2
(2πσ2) +

1

2
e

=
1

2
(2πeσ2).

X ∼ N(a, σ2)

h(X) =
1

2
(2πeσ2).

a
X

�

(X, Y )

h(X, Y )
(X, Y )
p(x, y),

h(X, Y ) = −
+∞∫

−∞

+∞∫
−∞

p(x, y) p(x, y)dxdy,



h(X|Y )

h(X|Y ) = −
+∞∫

−∞

+∞∫
−∞

p(x, y) pX(x|y)dxdy.

h(Y |X)

h(Y |X) = −
+∞∫

−∞

+∞∫
−∞

p(x, y) pY (y|x)dxdy.

pX(x|y) =
p(x, y)

pY (y)
,

h(X|Y ) = −
+∞∫

−∞

+∞∫
−∞

p(x, y) pX(x|y)dxdy

= −
+∞∫

−∞

+∞∫
−∞

p(x, y)
p(x, y)

pY (y)
dxdy

= −
+∞∫

−∞

+∞∫
−∞

p(x, y) p(x, y)dxdy +

+∞∫
−∞

+∞∫
−∞

p(x, y) pY (y)dxdy

= h(X, Y )−
[
−

+∞∫
−∞

pY (y)

⎛
⎝ +∞∫
−∞

p(x, y)dx

⎞
⎠ dy

]

= h(X, Y )−
[
−

+∞∫
−∞

pY (y) pY (y)dy

]

= h(X, Y )− h(Y ).

h(X|Y ) = h(X, Y )− h(Y ).



p q

D(p||q) =
+∞∫

−∞

p(x)
p(x)

q(x)
dx.

X Y
p(x, y),

I(X;Y ) = D(p(x, y)||pX(x)pY (y)) =
+∞∫

−∞

+∞∫
−∞

p(x, y)
p(x, y)

pX(x)pY (y)
dxdy.

pX(x|y) = p(x, y)

pY (y)

I(X;Y ) =

+∞∫
−∞

p(x, y)
p(x, y)

pX(x)pY (y)
dxdy

=

+∞∫
−∞

+∞∫
−∞

p(x, y)
pX(x|y)
pX(x)

dxdy

=

+∞∫
−∞

+∞∫
−∞

p(x, y)[ pX(x|y)− pX(x)]dxdy

=

+∞∫
−∞

+∞∫
−∞

p(x, y) pX(x|y)dxdy −
+∞∫

−∞

+∞∫
−∞

p(x, y) pX(x)dxdy

= −h(X|Y )−
+∞∫

−∞

pX(x)

⎛
⎝ +∞∫
−∞

p(x, y)dy

⎞
⎠ dx

= −h(X|Y )−
+∞∫

−∞

pX(x) pX(x)dx

= h(X)− h(X|Y ).



pY (y|x) = p(x, y)

pX(x)

I(X;Y ) = h(Y )− h(Y |X).

I(X;Y ) = h(X)− h(X|Y )
= h(X)− [h(X, Y )− h(Y )]
= h(X) + h(Y )− h(X, Y ).

D(p||q) � 0.

D(p||q) = 0 p(x) = q(x)

− x � 1 − x
x = 1

D(p||q) =

+∞∫
−∞

p(x)
p(x)

q(x)
dx

= −
+∞∫

−∞

p(x)
q(x)

p(x)
dx

�
+∞∫

−∞

p(x)

(
1− q(x)

p(x)

)
dx

=

+∞∫
−∞

p(x)dx−
+∞∫

−∞

q(x)dx

= 0.



p(x)

q(x)
= 1 x ∈ R

p(x) = q(x) x ∈ R

0 p q �

X Y

I(X;Y ) � 0.

I(X;Y ) = 0 X Y

I(X;Y ) = D(p(x, y)||pX(x)pY (y)) � 0.

p(x, y) = pX(x)pY (y) x, y ∈ R

X Y �

h(X|Y ) � h(X),

X Y

0 � I(X;Y ) = h(X)− h(X|Y ),

h(X|Y ) � h(X).

I(X;Y ) = 0 X Y
�

(X1, X2, . . . ,
Xn) p(x1, x2, . . . , xn)

h(X1, X2, . . . , Xn) =
n∑

i=1

h(Xi|Xi−1, . . . , X1).



�

X1, X2, . . . , Xn

h(X1, X2, . . . , Xn) �
n∑

i=1

h(Xi),

Xi

h(Xi|Xi−1, . . . , X1) � h(Xi),

i = 1, 2, . . . , n

h(X1, X2, . . . , Xn) =
n∑

i=1

h(Xi|Xi−1, . . . , X1)

�
n∑

i=1

h(Xi).

h(Xi|Xi−1, . . . , X1) = h(Xi)
Xi Xi−1 X1 i = 1, 2, . . . , n Xi

i = 1, 2, . . . , n �

g(x) N(a, σ2) p(x)



p(x) g(x) a
p(x) g(x)

0 � D(p||g) =

+∞∫
−∞

p(x)
p(x)

g(x)
dx

=

+∞∫
−∞

p(x)[ p(x)− g(x)]dx

=

+∞∫
−∞

p(x) p(x)dx−
+∞∫

−∞

p(x) g(x)dx

= −h(p)−
+∞∫

−∞

p(x) g(x)dx.

g(x) N(a, σ2)

+∞∫
−∞

p(x) g(x)dx =

+∞∫
−∞

p(x)

(
1√
2πσ2

e−
(x−a)2

2σ2

)
dx

=

+∞∫
−∞

p(x)
[
− 1

2
(2πσ2)− (x− a)2

2σ2
e
]
dx

= −1

2
(2πσ2)

+∞∫
−∞

p(x)dx− e

+∞∫
−∞

p(x)
(x− a)2

2σ2
dx

= −1

2
(2πσ2)

+∞∫
−∞

p(x)dx− e

2σ2

+∞∫
−∞

(x− a)2p(x)dx.

(−∞,+∞)
p(x)



a σ2

+∞∫
−∞

p(x) g(x)dx = −1

2
(2πσ2)− e

2σ2
· σ2

= −1

2
(2πσ2)− 1

2
e

= −1

2
(2πeσ2)

= −h(g).

0 � D(p||g) = −h(p) + h(g),

h(g) � h(p),

�

i Yi

Xi Zi Zi



N(0, N)

Yi = Xi + Zi,

Zi ∼ N(0, N) Zi

Xi

X

(x1, x2, . . . , xn)

1

n

n∑
i=1

x2
i � P

P

P
+
√
P

−√
P

Y

+
√
P Y > 0 −√

P
Y < 0



P

C =
p(x): EX2�P

I(X;Y ),

I(X;Y )

I(X;Y ) = h(Y )− h(Y |X) = h(Y )− h(X + Z|X) = h(Y )− h(Z|X),

h(·)
X Z

I(X;Y ) = h(Y )− h(Z).

Z ∼ N(0, N)

h(Z) =
1

2
(2πeN).

X Z Y

EY 2 = E(X+Z)2 = EX2+2EXZ+EZ2 = EX2+2EXEZ+EZ2 � P+N,

EZ = 0 DY � EY 2 � P +N

h(Y ) � 1

2
2πe(P +N).

h(Y ) h(Z)

I(X;Y ) � 1

2
(2πe(P +N))− 1

2
(2πeN) =

1

2

(
1 +

P

N

)
.

C =
p(x):EX2�P

I(X;Y ) =
1

2

(
1 +

P

N

)
X ∼ N(0, P )



P
N

C =
1

2

(
1 +

P

N

)
.

SNR
SNR

SNR =
Psignal

Pnoise

.

SNR =
σ2
signal

σ2
noise

.

SNR

SNR =

(
Asignal

Anoise

)2

.

SNR

SNR

SNRdb = 10 10

(
Psignal

Pnoise

)
= 20 10

(
Asignal

Anoise

)
.



PSK

PSK
BPSK

BPSK 1 0
+
√
P −√

P

BER SNR
s Z N(0, σ2)

s
Y

◦ Y = −√
P + Z, 0

◦ Y = +
√
P + Z, 1

Y

Z ∼ N(0, σ2) Y = c+Z c
Y ∼ N(c, σ2)



Z

pZ(z) =
1√
2πσ2

e−z2/(2σ2).

Y

FY (y) = P{Y < y} = P{c+ Z < y} = P{Z < y − c} = FZ(y − c).

Y

pY (y) = F ′
Y (y) = F ′

Z(y − c) = pZ(y − c) =
1√
2πσ2

e−(y−c)2/(2σ2).

Y ∼ N(c, σ2) �

s1 +
√
P s0

−√
P s1

Y = +
√
P + Z Y

s1 N(+
√
P,N0) Y

pY (y|s1) = 1√
2πN0

e−(y−√
P )

2
/(2N0).

s0 Y =
−√

P + Z Y
s0 N(−√

P,N0) Y

pY (y|s0) = 1√
2πN0

e−(y+
√
P )

2
/(2N0).

s0 s1 P (s0) = P (s1) = 1/2

y < 0
s0

y � 0
s1



s1
Z Y = +

√
P + Z < 0

P (e|s1) =
0∫

−∞

pY (y|s1)dy =
1√
2πN0

0∫
−∞

e−(y−√
P )2/(2N0)dy.

z = −y −√
P√

2N0

P (e|s1) = − 1√
π

√
P

2N0∫
+∞

e−z2dz =
1√
π

+∞∫
√

P
2N0

e−z2dz =
1

2

(√
P

2N0

)
,

(x) =
2√
π

+∞∫
x

e−t2dt. P (e|s1)

s0
Z Y = −√

P + Z > 0



P (e|s0) =
+∞∫
0

pY (y|s0)dy =
1√
2πN0

+∞∫
0

e−(y+
√
P )

2
/(2N0)dy.

z =
y +

√
P√

2N0

P (e|s0) = 1√
π

+∞∫
√

P
2N0

e−z2dz =
1

2

(√
P

2N0

)
.

Pb = P (s1)P (e|s1) + P (s0)P (e|s0).

Pb =
1

2

(√
P

2N0

)
.

X

X ∼ ε(λ)

X ∼ U(a, b).

X ∼ ε(λ) p(x) = λe−λx, x � 0
X

h(X) = −
+∞∫
0

λe−λx (λe−λx)dx = −
+∞∫
0

λe−λx( λ− λx)dx

= − λ

+∞∫
0

λe−λxdx+ λ

+∞∫
0

xλe−λxdx.



ε(λ) ε(λ)
1/λ

h(X) = − λ · 1 + λ · 1
λ
= − λ+ 1 =

e

λ
.

X ∼ U(a, b) p(x) =
1

b− a
, a < x < b

X

h(X) = −
b∫

a

1

b− a

1

b− a
dx =

1

b− a
(b− a)

b∫
a

dx

=
1

b− a
· (b− a) · (b− a) = (b− a).

�
X1

X2 X1 X2

μ1 μ2 σ2
1 σ2

2

X ∼ N(μ, σ2)

h(X) =
1

2
(2πeσ2).

X1 ∼ N(μ1, σ
2
1) X2 ∼ N(μ2, σ

2
2) Y = X1 + X2

N(μ1+μ2, σ
2
1 +σ2

2).

h(Y ) =
1

2
(2πe(σ2

1 + σ2
2)).

�

X p(x) = 2x
x ∈ [0, 1)



X

p(x) =
λ

2
e−λ·|x| x ∈ (−∞,∞) (

0).



RX = RY = {0, 1}

Π =

[
1− p p
p 1− p

]
.

0 < p < 1/2 p > 1/2



0 1

M n

M ⊂ {0, 1}n = (a1, a2, . . . ,
an) ∈ M P (x) = 1/k k = |M | k

∈M
P ( | ) = P ( | ′),

g( ) = ′ y ∈ {0, 1}n
′ P ( | ′) P ( | )

P ( | )

d : {0, 1}n × {0, 1}n → R

∈ {0, 1}n ∈ {0, 1}n d( , )

= (a1, a2, . . . , an) = (b1, b2, . . . , bn)

d( , ) =
n∑

i=1

|ai − bi|.



n = 5 = 00110 = 10101 d( , ) = 3

∈ {0, 1}n

d( , ) � 0

d( , ) = 0 =

d( , ) = d( , )

d( , ) � d( , ) + d( , )

= (a1, a2, . . . , an) = (b1, b2, . . . , bn) =
(c1, c2, . . . , cn)

d( , ) + d( , ) =
n∑

i=1

|ai − bi|+
n∑

i=1

|bi − ci|

=
n∑

i=1

(|ai − bi|+ |bi − ci|)

�
n∑

i=1

|ai − bi + bi − ci|

=
n∑

i=1

|ai − ci|
= d( , ).

|ai − bi| |bi − ci|

|ai − bi|+ |bi − ci| � |ai − bi + bi − ci|,
i = 1, 2, . . . , n �

d S = {0, 1}n

∈ M ∈ S
{0, 1}n



Π =

[
1− p p
p 1− p

]
, 0 < p <

1

2
.

P ( | 1) > P ( | 2) d( 1, ) < d( 2, )

∈ S 1, 2 ∈ M

d( , ) = m 0 � m � n

P ( | ) = P ((b1, . . . , bn)|(a1, . . . , an)) = P (b1|a1) . . . P (bn|an),

aj ∈ {0, 1} bj ∈ {0, 1} j = 1, 2, . . . , n P (bj|aj)
p aj (1 − p) aj

d( , ) = m m
p (n−m) (1− p)

P ( | ) = pm(1− p)n−m, 0 � m � n.

m1 = d( 1, ) m2 = d( 2, )

P ( | 1) = pm1(1− p)n−m1 ,

P ( | 2) = pm2(1− p)n−m2 .

P ( | 1)

P ( | 2)
=

pm1(1− p)n−m1

pm2(1− p)n−m2
=

(
1− p

p

)m2−m1

.

0 < p < 1/2 1/2 < 1 − p < 1
1− p > p

1− p

p
> 1.

P ( | 1) > P ( | 2)

1 <
P ( | 1)

P ( | 2)
=

(
1− p

p

)m2−m1

.



1− p

p
> 1 m2 −m1 > 0

d( 1, ) = m1 < m2 = d( 2, ).

m1 < m2

1 <

(
1− p

p

)m2−m1

=
P ( | 1)

P ( | 2)
.

P ( | 1) > P ( | 2) �

M ⊂ {0, 1}n

∈ S ′ ∈ M
d( ′, )

∈ S g( ) = ′
′

′

∈M
d( , ) = d( ′, ).

k S = {0, 1}n

M ⊂ {0, 1}n

n r 0 � r � n

k n

M = { 1, 2, . . . , k} n

d( i, j) � 2r + 1, i �= j, i, j ∈ {1, . . . , k},



M
2r+1 r n

i ∈ M
Si y ∈ {0, 1}n d( i, ) � r

Si = { ∈ {0, 1}n|d( i, ) � r}, i = 1, 2, . . . , k.

∈ Si xi

g( ) = i, ∈ Si, i = 1, 2, . . . , k.

d( i, j) � 2r + 1 Si ∩ Sj = ∅ i �= j

i ∈ M r
Si

i

r

i Si

Si n
r i S = {0, 1}n

n

n r = 4



d( i, j) = 9 = 2 · r + 1 i

d( i, ) = 3 < 4 = r i

k
n

k
n r

n

2n

r∑
i=0

(
n

i

) � k.

i
Si

i ∈ Si i Si

1 i n
n i

2 i

(
n

2

)
n

i

Si

1 +

(
n

1

)
+

(
n

2

)
+ · · ·+

(
n

r

)
=

r∑
i=0

(
n

i

)
.

Si ∩ Sj = ∅ i �= j
i, j ∈ {1, 2, . . . , k} Si i = 1, 2, . . . , k



k

k
r∑

i=0

(
n

i

)

n n 2n

k

r∑
i=0

(
n

i

)
� 2n,

�

r = 2 n ∈ {5, 6, 7, 8, 9, 10}
2n
/ r∑

i=0

(
n

i

)

k = 10
n

n = 9 29 = 512

10
n = 4 24 = 16

r = 2

n 2n
/ r∑

i=0

(
n

i

)
5 2
6 32/11 ≈ 2.9
7 128/29 ≈ 4.4
8 256/37 ≈ 6.9
9 256/23 ≈ 11.1
10 128/7 ≈ 18.3



M0 = {(0, 0), (0, 1), (1, 0), (1, 1)}

M M =
{(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0)}

23 = 8

1 3
2

�

{0, 1}

+ 0 1
0 0 1
1 1 0

· 0 1
0 0 0
1 0 1

GF (2)

GF (2) x ∈ {0, 1} x + x = 0
x = −x x = (a1, a2, a3) ∈ M M =

{(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0)}

a1 + a2 + a3 = 0,



GF (2)
= [fij]m×n

n � m
GF (2)⎧⎪⎪⎪⎨

⎪⎪⎪⎩
f11a1 + f12a2 + . . . + f1nan = 0
f21a1 + f22a2 + . . . + f2nan = 0

fm1a1 + fm2a2 + . . . + fmnan = 0

.

GF (2) n
M

{0, 1}n
M

= [fij]m×n

=

=

⎡
⎢⎣ a1

an

⎤
⎥⎦

n×1

, =

⎡
⎢⎣ 0

0

⎤
⎥⎦

m×1

.

t rang( ) = t 1 � t � m
= n− t = s 0 � s � n− 1

s
t = n− s

0 1
2s 2s n

(k, n) k = 2s s = n − r( )

R =
k

n
=

2s

n
=

s

n



n

= [ 1 1 . . . 1︸ ︷︷ ︸
n

].

=

a1 + a2 + · · ·+ an = 0.

an = a1 + a2 + · · · + an−1 a1
a2 an−1 an

a1 a2 an−1 2n−1

k = 2n−1

t = 1 s = n− 1

R =
n− 1

n
= 1− 1

n
.

n
1

2 �

n

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 1 0 0 · · · 0
1 0 1 0 · · · 0
1 0 0 1 · · · 0

1 0 0 0 · · · 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
(n−1)×n



=⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

a1 + a2 = 0
a1 + a3 = 0
a1 + a4 = 0

a1 + an = 0

⇔

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

a2 = a1
a3 = a1
a4 = a1

an = a1

a1
a2 an a1 2 0 1

2

1 = (0, 0, . . . , 0), 2 = (1, 1, . . . , 1).

n

1
t = r( ) = n − 1 s = n − t = 1

R = s/n = 1/n
n �

n

S F
S(F )

+ ( + ) = ( + ) + , , ∈ S



+ = + , ∈ S

∈ S + = + = ∈ S

∈ S − ∈ S + (− ) = − + =

λ( + ) = λ + λ , ∈ S λ ∈ F

(λ+ μ) = λ + μ ∈ S λ, μ ∈ F

λ(μ ) = (λμ) x ∈ S λ, μ ∈ F

1 · = ∈ S 1 F

M
S(F ) , ∈ M λ, μ ∈ F

λ + μ ∈ M.

S = {0, 1}n S
n

(a1, a2, . . . , an) + (b1, b2, . . . , bn) = (a1 + b1, a2 + b2, . . . , an + bn),

λ(a1, a2, . . . , an) = (λa1, λa2, . . . , λan),

λ ∈ {0, 1} S
GF (2)

∈ S + = = −
S



=

S =
{0, 1}n

M = { ∈ S| = }
= S

, ∈ M λ, μ ∈ GF (2) λ + μ ∈ M λ + μ
= , ∈ M =

=

(λ + μ ) = λ + μ = λ · + μ · = .

λ + μ ∈ M M M ⊂ S
(2s, n) S

GF (2) �

=
S(F ) S = {0, 1}n

M
A

= M

M ⊂ S = {0, 1}n n
∈ M =

= M

s � n
M 2s

μ×n
M s � n ∈

M s

1, 2, . . . , s ∈ M

= λ1 1 + λ2 2 + · · ·+ λs s, λi ∈ {0, 1}, i = 1, . . . , s.



λ1, λ2, . . . , λs 2s

∈ M
M 2s

∈ M
= r( ) = s

s
s (n−s+1) (n−s+2) (n−1) n

n − s
s j

⎡
⎢⎢⎢⎣

b1j
b2j

bμj

⎤
⎥⎥⎥⎦ = λj1

⎡
⎢⎢⎢⎣

b1,n−s+1

b2,n−s+1

bμ,n−s+1

⎤
⎥⎥⎥⎦+λj2

⎡
⎢⎢⎢⎣

b1,n−s+2

b2,n−s+2

bμ,n−s+2

⎤
⎥⎥⎥⎦+ . . .+λj,s−1

⎡
⎢⎢⎢⎣

b1,n−1

b2,n−1

bμ,n−1

⎤
⎥⎥⎥⎦+λjs

⎡
⎢⎢⎢⎣

b1n
b2n

bμn

⎤
⎥⎥⎥⎦ ,

j = 1, 2, . . . , n − s j = 1, 2, . . . , n − s
μ

bij = λj1bi,n−s+1+λj2bi,n−s+2+. . .+λj,s−1bi,n−1+λjsbin, i = 1, . . . , μ.

s
λji j = 1, 2, . . . , n − s

i = 1, 2, . . . , s

= [ n−s,−Λ],

n−s n−s Λ = [λij]

i = (bi1, bi2, . . . , bin) ∈ M

i =

⎡
⎢⎢⎢⎣

1 0 . . . 0 −λ11 −λ12 . . . −λ1s

0 1 . . . 0 −λ21 −λ22 . . . −λ2s

0 0 . . . 1 −λn−s,1 −λn−s,2 . . . −λn−s,s

⎤
⎥⎥⎥⎦ ·

⎡
⎢⎢⎢⎣

bi1
bi2

bin

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

bi1 − λ11bi,n−s+1 − λ12bi,n−s+2 − . . .− λ1sbin
bi2 − λ21bi,n−s+1 − λ22bi,n−s+2 − . . .− λ2sbin

bi,n−s − λn−s,1bi,n−s+1 − λn−s,2bi,n−s+2 − . . .− λn−s,sbin

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

0
0

0

⎤
⎥⎥⎥⎦ .



λji

=
M = [ n−s,−Λ]

r( ) = n−s =
s 2

2s =
M 2s

= M �

S = {0, 1}n

n = 6 M ⊂ {0, 1}6

0 = (0, 0, 0, 0, 0, 0),

1 = (1, 0, 1, 0, 0, 1),

2 = (1, 1, 0, 0, 1, 0),

3 = (0, 1, 1, 0, 1, 1),

4 = (1, 1, 1, 1, 0, 0),

5 = (0, 1, 0, 1, 0, 1),

6 = (0, 0, 1, 1, 1, 0),

7 = (1, 0, 0, 1, 1, 1).

M

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0
1 0 1 0 0 1
1 1 0 0 1 0
0 1 1 0 1 1
1 1 1 1 0 0
0 1 0 1 0 1
0 0 1 1 1 0
1 0 0 1 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

r( ) = 3 1 2 4



3 = 1 + 2

5 = 1 + 4

6 = 2 + 4

7 = 1 + 2 + 4.

⎡
⎣ 1

2

4

⎤
⎦ =

⎡
⎣ 1 0 1 0 0 1

1 1 0 0 1 0
1 1 1 1 0 0

⎤
⎦ .

⎡
⎣ 1

1
1

⎤
⎦ = λ11

⎡
⎣ 0

0
1

⎤
⎦+ λ12

⎡
⎣ 0

1
0

⎤
⎦+ λ13

⎡
⎣ 1

0
0

⎤
⎦ .

⎡
⎣ 1

1
1

⎤
⎦ =

⎡
⎣ λ13

λ12

λ11

⎤
⎦ ,

λ11 = λ12 = λ13 = 1.

⎡
⎣ 0

1
1

⎤
⎦ = λ21

⎡
⎣ 0

0
1

⎤
⎦+ λ22

⎡
⎣ 0

1
0

⎤
⎦+ λ23

⎡
⎣ 1

0
0

⎤
⎦

λ21 = 1, λ22 = 1, λ23 = 0⎡
⎣ 1

0
1

⎤
⎦ = λ31

⎡
⎣ 0

0
1

⎤
⎦+ λ32

⎡
⎣ 0

1
0

⎤
⎦+ λ33

⎡
⎣ 1

0
0

⎤
⎦



λ31 = 1, λ32 = 0, λ33 = 1

= [ n−s,−Λ],

n = 6 s = r( ) = 3

=

⎡
⎣ 1 0 0 1 1 1

0 1 0 1 1 0
0 0 1 1 0 1

⎤
⎦ ,

=
k = 8, n = 6 0 1 7 �

s
n − s

λij

= [ n−s,−Λ] .

s

λij F

λij

s

=
[−ΛT , n−s

]
.

= [gij]s×n = [ s, ]

=
[− T , n−s

]
.



= [gij]s×n = [ , s]

=
[

n−s,− T
]
.

m × n m � n r( ) = m
M

∈ S = {0, 1}n =
∈ {0, 1}m

∈ {0, 1}m

S = { ∈ S| = }.
S ∈ S .

0 ∈ S

0 +M = { ∈ S| = 0 + , ∈ M} ⊆ S.

S = 0 + M ∈ S 0 =
=

( − 0) = − 0 = .

− 0 = − 0

M
∈ M = − 0 = 0 + ∈ 0 +M

S ⊆ 0 +M
∈ 0 +M = 0 + ∈ M

= ( 0 + ) = 0 + = + = ,

∈ S 0 +M ⊆ S S = 0 +M



= (b1, b2, . . . , bn) ∈ S

T ( ) =
n∑

i=1

bi,

T ( ) =
n∑

i=1

bi =
n∑

i=1

|bi − 0| = d( , ).

T ( )

d( , ) =
n∑

i=1

|ai − bi|,

= (a1, a2, . . . , an) = (b1, b2, . . . , bn)

d( + , + ) = d( , ),

, , ∈ S

= (a1, a2, . . . , an) = (b1, b2, . . . , bn) = (c1, c2, . . . , cn)

+ = (a1 + c1, . . . , an + cn), + = (b1 + c1, . . . , bn + cn).

d( + , + ) =
n∑

i=1

|(ai + ci)− (bi + ci)|

=
n∑

i=1

|ai − bi|
= d( , ).

�



T ( ) � 0 ∈ ;

T ( ) = 0 = ;

T ( + ) � T ( ) + T ( ) , ∈ .

T ( + ) = d( , + ) � d( , ) + d( , + )
= d( , ) + d( , ) ( ))
= T ( ) + T ( ).

�

d( − 0, ) = d( − 0 − , − ) = d(− 0, ) = d( , 0) = T ( 0).

, 0 ∈ S

d( − 0, ) = T ( 0).

1 ∈ S T ( 1) � T ( 0)

d( − 0, ) � d( − 1, ).

∈ S

F M
∈ S

0 = g( ) ∈ M

S = { 1 ∈ S| 1 = = }

0 ∈ S
T ( 0) � T ( 1) 1 ∈ S

0

0



0 = − 0

d( − 0, ) � d( − 1, )

d( 0, ) � d( , ),

= − 1 ∈ M ∈ M
S = 0 +M 1

S − 1 M

∈ S

∈ S 0

S = { 1 ∈ S| 1 = = }
0 ∈ S

0 = − 0

=

⎡
⎢⎢⎣

1 0 0 0 1 1
0 1 0 0 1 0
0 0 1 0 1 1
0 0 0 1 0 1

⎤
⎥⎥⎦ .

r( ) t = 4 s = n − t = 6 − 4 = 2
=

2s = 22 = 4⎧⎪⎪⎨
⎪⎪⎩

a1 + a5 + a6 = 0
a2 + a5 = 0

a3 + a5 + a6 = 0
a4 + a6 = 0

⎧⎪⎪⎨
⎪⎪⎩

a1 = a5 + a6
a2 = a5
a3 = a5 + a6
a4 = a6

.



1 = (0, 0, 0, 0, 0, 0), 2 = (1, 1, 1, 0, 1, 0),

3 = (1, 0, 1, 1, 0, 1), 4 = (0, 1, 0, 1, 1, 1),

1 2 3 4

m = 4 24 = 16
∈ {0, 1}4 S

S = { ∈ {0, 1}6| = }.

S = 0 + M
= S

= (1, 0, 0, 0) =

⎧⎪⎪⎨
⎪⎪⎩

a1 + a5 + a6 = 1
a2 + a5 = 0

a3 + a5 + a6 = 0
a4 + a6 = 0

⇐⇒

⎧⎪⎪⎨
⎪⎪⎩

a1 = a5 + a6 + 1
a2 = a5
a3 = a5 + a6
a4 = a6

0 = (1, 0, 0, 0, 0, 0), 1 = (0, 1, 1, 0, 1, 0),

2 = (0, 0, 1, 1, 0, 1), 3 = (1, 1, 0, 1, 1, 1),

S = (1, 0, 0, 0)

S = {(1, 0, 0, 0, 0, 0), (0, 1, 1, 0, 1, 0), (0, 0, 1, 1, 0, 1), (1, 1, 0, 1, 1, 1)}.

0 = (1, 0, 0, 0, 0, 0)

S

0 − 0 = (1, 0, 0, 0, 0, 0) + (1, 0, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0) = 1 ∈ M,

1 − 0 = (0, 1, 1, 0, 1, 0) + (1, 0, 0, 0, 0, 0) = (1, 1, 1, 0, 1, 0) = 2 ∈ M,

2 − 0 = (0, 0, 1, 1, 0, 1) + (1, 0, 0, 0, 0, 0) = (1, 0, 1, 1, 0, 1) = 3 ∈ M,

3 − 0 = (1, 1, 0, 1, 1, 1) + (1, 0, 0, 0, 0, 0) = (0, 1, 0, 1, 1, 1) = 4 ∈ M.



x− y = x+ y x, y ∈ {0, 1}

(0, 0, 0, 0)

S = 0 +M

S

= (0, 1, 0, 0) =

⎧⎪⎪⎨
⎪⎪⎩

a1 + a5 + a6 = 0
a2 + a5 = 1

a3 + a5 + a6 = 0
a4 + a6 = 0

⇐⇒

⎧⎪⎪⎨
⎪⎪⎩

a1 = a5 + a6
a2 = a5 + 1
a3 = a5 + a6
a4 = a6

0 = (0, 1, 0, 0, 0, 0), 1 = (1, 0, 1, 0, 1, 0),

2 = (1, 1, 1, 1, 0, 1), 3 = (0, 0, 0, 1, 1, 1),

S = (0, 1, 0, 0)

S = {(0, 1, 0, 0, 0, 0), (1, 0, 1, 0, 1, 0), (1, 1, 1, 1, 0, 1), (0, 0, 0, 1, 1, 1)}.

0 = (0, 1, 0, 0, 0, 0)

0 − 0 = (0, 1, 0, 0, 0, 0) + (0, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0) = 1 ∈ M,

1 − 0 = (1, 0, 1, 0, 1, 0) + (0, 1, 0, 0, 0, 0) = (1, 1, 1, 0, 1, 0) = 2 ∈ M,

2 − 0 = (1, 1, 1, 1, 0, 1) + (0, 1, 0, 0, 0, 0) = (1, 0, 1, 1, 0, 1) = 3 ∈ M,

3 − 0 = (0, 0, 0, 1, 1, 1) + (0, 1, 0, 0, 0, 0) = (0, 1, 0, 1, 1, 1) = 4 ∈ M.

= (0, 1, 0, 0)



S = 0 +M

S = 0 +M T ( 0)
K0

K1

K2

K3

S = 0 + M 0

T ( 0) = 0
S T ( 0) = 1 T ( 0) = 2

T ( 0) = 3 K0 S

0 = (0, 0, 0, 0, 0, 0) T ( 0) = 0 K1

S
K2 S



K3 S

n = 6 t = 4 s = 2
�

=
011011

111010 111010
100001

C1 C2

=

[
1 1 1 1 0
0 0 1 1 1

]
, =

⎡
⎣ 1 0 0 1 1 0 1

0 1 0 1 0 1 1
0 0 1 0 1 1 1

⎤
⎦ .

C1 C2



G GF (2)
C1

M1 =

{
00000

x1

, 11110
x2

, 00111
x3

, 11001
x4

}
.

d(x1, x2) = 4, d(x1, x3) = 3, d(x1, x4) = 3,
d(x2, x3) = 3, d(x2, x4) = 3, d(x3, x4) = 4.

d(M1) = d(xi, xj) = 3

C2

M2 = {0000000, 1001101, 0101011, 0010111, 1100110, 1011010, 0111100,
1110001} .

4
d(M2) = 4.

[
1
0

]
= λ11

[
1
1

]
+ λ12

[
0
1

]
⇒ λ11 = 1, λ12 = 1

[
1
0

]
= λ21

[
1
1

]
+ λ22

[
0
1

]
⇒ λ21 = 1, λ22 = 1

[
1
1

]
= λ31

[
1
1

]
+ λ32

[
0
1

]
⇒ λ31 = 1, λ32 = 0



= [ 3, −Λ] =

⎡
⎣ 1 0 0 1 1

0 1 0 1 1
0 0 1 1 0

⎤
⎦

= [ 3, ]

=
[− T | 4

]
=

⎡
⎢⎢⎣

1 1 0
1 0 1
0 1 1
1 1 1

∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ .

�

=

⎡
⎣ 1 1 1 0 0

0 1 0 1 0
1 0 0 0 1

⎤
⎦ .

=

⎧⎨
⎩

x1 + x2 + x3

x2 + x4

x1 + x5

= 0
= 0
= 0

⇒
⎧⎨
⎩

x1 = x5

x2 = x4

x3 = x1 + x2 = x4 + x5

x1x2x3x4x5

M = {00000, 10101, 01110, 11011}.
= 000



y0

= 100

⎧⎨
⎩

x1 + x2 + x3

x2 + x4

x1 + x5

= 1
= 0
= 0

⇒
⎧⎨
⎩

x1 = x5

x2 = x4

x3 = 1 + x4 + x5

⇒
00100 = y0
10001
01010
11111

= 010

⎧⎨
⎩

x1 + x2 + x3

x2 + x4

x1 + x5

= 0
= 1
= 0

⇒
⎧⎨
⎩

x1 = x5

x2 = 1 + x4

x3 = x5 + x4 + 1
⇒

01100
11001
00010 = y0
10111

= 001

⎧⎨
⎩

x1 + x2 + x3

x2 + x4

x1 + x5

= 0
= 0
= 1

⇒
⎧⎨
⎩

x1 = x5 + 1
x2 = x4

x3 = x5 + 1 + x4

⇒
10100
00001 = y0
11010
01111

= 110

⎧⎨
⎩

x1 + x2 + x3

x2 + x4

x1 + x5

= 1
= 1
= 0

⇒
⎧⎨
⎩

x1 = x5

x2 = x4 + 1
x3 = x5 + x4

⇒
01000 = y0
11101
00110
10011

= 101

⎧⎨
⎩

x1 + x2 + x3

x2 + x4

x1 + x5

= 1
= 0
= 1

⇒
⎧⎨
⎩

x1 = x5 + 1
x2 = x4

x3 = x5 + x4

⇒
10000 = y0
00101
11110
01011

= 011



⎧⎨
⎩

x1 + x2 + x3

x2 + x4

x1 + x5

= 0
= 1
= 1

⇒
⎧⎨
⎩

x1 = x5 + 1
x2 = x4 + 1
x3 = x5 + x4

⇒
11000
01101
10110
00011 = y0

= 111

⎧⎨
⎩

x1 + x2 + x3

x2 + x4

x1 + x5

= 1
= 1
= 1

⇒
⎧⎨
⎩

x1 = x5 + 1
x2 = x4 + 1
x3 = 1 + x5 + x4

⇒
11100
01001
10010 = y0
00111

y0

y0
M

S = 0 +M

000 00000 10101 01110 11011

100 00100 10001 01010 11111

010 00010 10111 01100 11001

001 00001 10100 01111 11010

110 01000 11101 00110 10011

101 10000 00101 11110 01011

011 00011 10110 01101 11000

111 10010 00111 11100 01001

→ 00000
→ 10101
→ 01110
→ 11011



00000 00000 10101 01110 00000 01110 11011

00001 00000 11101 01111 10010 01100 110007

00001

00000
00000 00000

11101
10101 10101

00000 00000 10101 01110 00000 01110 11011

�

=

[
1 0 1 1 0
0 1 0 1 1

]
.

M

=

[
0 1 1 1 1
1 0 1 0 1

]
.



M

=

⎡
⎣ 0 1 0 1 0

0 0 1 1 1
1 0 0 1 1

⎤
⎦ .

M

=

[
1 0 1 0
1 1 0 1

]
.







 


